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PREFACE. 



The first edition of this work was based upon the 
theory advanced by Prof. Weyrauch in 1878, but owing 
to the length of the demonstrations used by him, it 
was thought advisable to present different and shorter 
demonstrations in this edition. To show that the new 
demonstrations give identical results with those obtained 
by Prof. Weyrauch, his demonstrations have been given in 
an appendix as they appeared in the first edition. 

The new demonstrations are based upon the theory first 
advanced by Prof. Kankine in 1858. Those readers who 
are familiar with Kankine's Ellipse of Stress can omit 
pages 27 to 35, inclusive, in following the demonstrations. 

An attempt has been made to present the theory in a 
shape easily followed by those who have only a knowledge 
of algebra, geometry, and trigonometry; whenever cal- 
culus has been resorted to, the work has been simplified as 
much as possible. For convenience in practice, the formu- 
las have been arranged in a condensed shape in Part I, 
and are followed by numerous examples illustrating their 
application. 

The values of various coeflScients have been computed 
and tabulated and will be found to very materially decrease 
the labor of substitution in the formulas. 



VI PREFACE, 

It is hoped that the introduction of a brief treatment of 
the supporting power of earth in the case of foundations, 
as well as the formula for determining the breadth of the 
base of a retaining-wall, will prove acceptable. 

For valuable help in the verification of proofs of formu- 
las, and the critical reading of the whole text, I acknowl- 
edge the kind assistance of Prof. Thos. Gray. 

M. A. H. 

Tbrre Haute, Ind., March, 1891. 



NOMENCLATURE. 



= the angle of repose, or the maximum angle which 
any force acting upon any plane within the mass 
of earth can make with the normal to the plane, 
e = the angle made hy the surface of the earth with the 
horizontal; e ia positive when measured above SLud 
negative when measured below the horizontal. 
a = the angle which the back of the wall makes with 
the vertical passing through the heel of the wall; 
a is positive when measured on the left and 7iega- 
tive when measured on the right of the vertical. 
6 = the angle which the direction of the resultant earth- 
pressure makes with the horizontal. 
0' = the angle of friction between the wall and its foun- 
dation. 
0" = the angle of friction between the back of the wall 

and the earth. 
H = the vertical height of the wall in feet. 
h = the depth of earth in feet which is equivalent to a 
given load placed upon the surface of the earth. 
B' = the width in feet of the top of the wall. 
B = the width in feet of the base of the wall. 
Q = the distance in feet from the toe of the wall to the 
point where B cuts the base. 



vm NOMENCLATURE, 

P = the resultant earth-pressure in pounds against a ver- 
tical wall. 

B = the resultant earth-pressure in pounds against any 

wall. 
R = the resultant pressure in pounds on the base of the 

wall. 
G = the total weight in pounds of material in the wall. 
y = the weight in pounds of a cubic foot of earth. 
W = the weight in pounds of a cubic foot of wall. 
p = the intensity of the pressure in pounds on the base 

of the wall at the toe. 
p' = the intensity of the pressure in pounds on the base 

of the wall at the heel. 
p^ = the average intensity of the pressure in pounds on 

the base of the wall, 
x = H tan a. 
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FORMULAS FOR EARTH-PRESSURE, 

In. thfi following, formulas a and e are considered as 
posiiivey and the wall is assumed, to. be one foot long. 

Case I. General case of inclined earth-surface and in- 
clined back of tvalL 

2 cos' a COS € 

f * 9 , , , V ( COS e — i/cos* € — cos* d> ) ' 
sin* a + cos' (e — a) -j ^ ^ V 

( cos € -\- 4/cos* e — cos* J 

, . , . , . ( cos e — i^cos* € — cos* </> ) ' ^ ' 

+ 2sin 6Sin ace8{e — a) -< Z_ >- 

( cos € + V cos* € — cos'^ ) 



or 



E=^{B) V{C) + (Z>)^' + (A^)^. . (1') 



2 



or 



sm flf cos e + sin e cos (e — a)A .^ . 

tan S = -^- — , J-j ^; . (1«) 

cos e cos \e — a)A 



tan <y = ^ r-r + tan e, .... (I'a) 

cos (e — a)A 
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where 



. cos e — V^cos' e — cos' d> , ^ 

J = cos e — - . . . (d) 

cos € + r cos" e — cos" 

Case II: Surface of earth inclined and or = 0. 



* ( COS € + V cos" e — cos" ) 

From Diagram I the values of A can be found for all 
values of from 0° to 90° and of e from 0° to 90% vary- 
ing by 5°. 

d = e; ■.: . {2a) 

or for alt vertical walls the direction of the earth-pressure 
is parallel to the surface of the earth. 

Case III. The surface of the earth parallel to the surface 
of repose. 

6=0. 



^ ^ H^y cos (0 - a) Vsin^ a + cos" (0 - a) "^ .^. 
2 cos" a cos (p ' -\- 2 sin a sin cos (0 ^ Cf)' 

tan«y = ^'""^+j - "'^;"^(^r"> . . .(3a) 
COS COS (<f> — a) ^ ' 

Case IV. Tlie surface of the earth parallel to the surface 
of repose and the bach of the ivall vertical. 

6 = and flr = 0. 

E = -—^ COS (4) 

d=:(/> (4a) 



Case V. Tlie surface of the ear lit horizontal, 

i^=^|/tan''^ + tan* (45"-|]. . (5) 

tan rt' 
tan' (45^ -f) 

Case VI. The surface of the earth horizontal and the 
hack of the wall vertical. 

6 = and a = 0. 

^=^>^tan'(45°-|) .... (6) 

d = (6^) 

' Case VII. Fluid pressure. 

e = = 0. 

B=J^ (7) 

2 cos a ^ ' 

S=a, . {Ill) 

Graphical Constructions for determining the 
Thrust of Earth. 

The following constructions are |>erfectly general, and 
apply to any plane within a mass of earth. When applied 
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for determining the thrust of earth against a retaining-waU, 
a and e are taken as positive. 

* Construction (a). 
Let BB represent the surface of the earth and BA the 
back of the wall. Draw AF parallel to BE, and at any 
point D in AFIslj off DF equal to the vertical DK Draw 




Fig. 1. 

FO horizontal, and FH, making the angle with DF, 
With any point Jin DF describe the arc KI tangent to 
HF at / cutting FG at K, and draw GL parallel to EJ; 
with L as a centre and LF as radius, describe the circum- 
ference FQON cutting AD At m Through i\^draw JVO 

* See "Theorie desErddruckes auf Grund der neueren Anschau- 
ungen/' by Prof. Weyrauch, 1881. 
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parallel to AB cutting the circumference FQON at 0; 
at A draw A C equal to OG and normal to AB\ the area 
of the triangle ABC multiplied by y will be the thrust of 
the earth on the wall. 

To determine the direction of the thrust E, prolong OQ 
to Q\ then ^iV^ will be the direction of the thrust. 

Tliis thrust acts on the wall at \AB below B. 

* Construction (Z>). 
Let BQ represent the surface of the earth, and BA the 
back of the wall. Draw AD parallel to BQ, and at any 




Fig. 2. 

point D m AD draw the vertical DG equal to the normal 
DQy draw DM making the angle with the normal DQ. 

* This coDstructioii follows directly from Kankine's Ellipse of 
jS tress. Se^ Raukiue's Applied Meclif^ni^s.. 
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At any point J in Z)^ as a centre, describe the arc /^tan- 
gent to DM cutting DG fit Ky and draw GL parallel 
to JK, Bisect the angle QLG^ and at A draw J P parallel 
to LR. hi A draw AN normal to ^^ and equal to DL\ 
with iV^ as a centre and ^iV^ as radius, describe an arc 
AP cutting AP at P\ connect P and JV, and make NO 
equal io LG\ with ^ as a centre and J as a radius, de- 
scribe the arc OC cutting ^JV^ at C\ then the area of the 
triangle ABC multiplied by y will be the thrust against 
the wall. The direction of this thrust is parallel to ^0 
and it is applied at \AB below B. 

The constructions (a) and (fi) give identical results in 
every case. 

Trapezoidal and Triangular Walls. 

Formulas for the width of the base of trapezoidal walls 
under the condition that the resultant R cuts the base at 
a point distant from the toe of the wall equal to one third 
the width of the base, or ^ = \B, 

Case I. Tlie general case in which the hack of the wall 
is incUnedy and E makes an angle with the horizontal. 

(h cos tf + a; sin d\ + 2B'x +B'\ . (8) 



2E 
HW 



Case II. The back of the wall vertical. 
x = 0. 



^'+^{mr^^^'^^') " F''^''^ + ^" ^^^ 
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Case III. The back of the wall vertical and the thrust 
normal to the wall, 

x = and d = 0. 



B' + BB' = -^ + B' 



(10) 




Fig. 3. 



li B = B' and x = 0, the section of the wall is a rec- 
tangle, and (9) becomes 



AiE 2E 

B^ + B -^^ 6md = -^ cos d, . . . (9a) 



and (10) becomes 



B 






(10a) 
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Formulas for the width of the base of triangular walls 
under the condition that the resultant R cuts the base at 
a point distant from the toe of the wall equal to one third 
the width of the base, or ^ = \B. 

Case I. The. general case in which the hack of the wall 
is ificlined, and E makes an angle with the horizontal. 

^-^^ (sf^"" ^-^) = ^iHcoBd^x sin 6). (11) 
Case II. TJie hack of the wall vertical. 

I ^E \ 2E 

Case III. T7ie back of the wall vertical, and the thrust 
normal to the wall. 

x = and <^ = 0. 

B=t/^. (13) 

The above formulas do not contain the condition that R 
shall not make an angle greater than 0' with the normal to 
the base of the wall. 

From Fig. 3, 

which expresses the condition v?ider which the wall mil 
not slider 
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Depth of Foundations. 

Case I. When the intensity of the pi^essure on the earth 
is uniform. 

Letting x' equal the depth of the foundation below the 
surface. 



;;„(! - sin cl>y 



(1 + sin 0)V -\[\l- sin (pf ' * 
when the weight of the foundation is included; and 



(15) 



^_ |l-4n_|)> ^ ^ ^ 

( 1 + Sin (p ) y ^ ^ 

when the weight of the foundation is not included. 

x' is the minimum depth to tvhich the foundalion must 
he extended for equilihriuni. The actual depth shoidd be 
based upon the minimum value lohich is likely to have 
under any condition of the earth. 

Case II. When the intensity of the pressure on the earth 
is uniformly varying. 

.'=^»^4^,f, (19) 

y \ -\- sm' ^ ^ 

where x' is the minimum depth to which the foundation 
must be extended for equilibrium; 

1 sin0 
"'^ ~ 3 1 + sin» 0^ ^^^^ 

where x^ is the maximum distance from the centre of the 
base of the foundation to the point where the resultant 
pressure cuts the base of the foundation. 
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Abuttibtg Power of Eakth. 

P^&y^_¥^ .... (31) 

2 1 — sm ^ ' 

where P represents the maximum resultant pressure wliich 
horizontal earth can resist, when P is applied against Ji 
vertical plane of the depth x\ 

APPLICATIONS. 

The determination of the earth-pressure by tlie pre- 
ceding formulas and graphical constructions is a very 
simple operation when the angle has been determined or 
assumed. That care and judgment be used in assuming 
the value of is very important, since a change of a few 
degrees in the value of sometimes causes a large change 
in the value of E. An inspection of Diagram I shows that 
the value of the coefficient A increases very rapidly as 
decreases. 

When the earth to be retained contains springs, the 
bank must be thoroughly drained if it is to be retained by 
an economical tight wall; if it is not drained, the angle 
will be likely to become very small as the earth becomes 
wet. 

When the location of the earth to be retained is sub- 
jected to jars, the value of will be decreased. 

Hence, in assuming the value of 0, the engineer must be 
sure that the value assumed will be the least value which, 
in his judgment, it is likely to have. 

In constructing the wall the judgment and authority of 
the engineer must again be exercised in order that the wall 
be constructed as designed. 

In all cases, to insure perfect drainage between the back 
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of the wall and the earthy Bumerous " weep-holes^' should 
be provided in the body of the wall, or proper arrange- 
ments made to carry away the water at the base of the wall. 
To facilitate drainage, the backing resting against the wall 
should be sand or gi^avel. 

In no case should water be permitted to get under the 
foundation of the wall, neither should the earth in front 
of the wall be allowed to become wet. 

In cold localities the back of the wall near the top should 
have a large batter to prevent the frost from moving the 
top Courses of stone. As a guard against sliding, the 
courses of the wall should have very rough beds. The 
strength of a wall is increased the nearer it approaches a 
monolith. 

Care should be taken to have the foundation broad and 
deep enough to prevent sliding and upheaving of the earth 
in front. In clay the foundation should be deep, while in 
sand or gravel it may be broad and shallow. 

The following examples illustrate the application of the 
formulas : 

Ex. 1. Design a trapezoidal wall of sandstone, weighing 
150 lbs. per cubic foot, having a width of 3 ft. on top, a 
height of 30 ft., and the back inclining forward 5°, to re- 
tain a bank of sand sloping upward at an angle of 20°. 

Dafa. 

y ^ 100 lbs., W = 150 lbs.; e = 20°, = 39°, a = 5°; 
^ = 30 ft, ^' = 3 fi, X = 2.63 ft. 

1°. Graphical determination of the values of E and 6. 

The graphical solution of the problem is shown in Fig. 4, 
where E is found to equal 15,000 pounds. <^ lies between 
35° and 36°. 
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2°. Algebraic determination of E and d. 

F. = -f {B) ^(C) + (D)A* + {E)A. . . . 



(!') 




Fio.4. 



Substituting the values of B, C, D, and E as given in the 
tables, and that of A as given by Diagram I, this becomes 

900 X 100, 



E = 



-(1.036) X 



V(0.008)+(1.057)(0 264)'+(0.061)0.264, 
tan 6 = - — ^ " "^ ^ , + tan'e, . . (1'^) 



E= 45,000 (1.036) Vo.098 = 14,500 lbs. 

sin a 



cos {e — a)A 
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087 
t*'^* = 6:966(0:2647 +'•"''' 

tan 6 = 0.705 = tan 35° 11', about. 

3°. Algebraic determination of the value of B under the 
assumption that Q = ^B. 

= ^[HcoBd + xemdX +2B'x-\-B'\ . (8) 

= ^^^^{30 X 0.817 + 2.63 X 0.576} + 6 X 2.63 -f 9, 
B^ 4- 7.795 = 172.53, 



5 = - 3.89 ± a/i72.53 + 3.9'; 
.-. JS = 13.69 - 3.89 = 9.80 ft.; 

or, practically, 10 feet is the required width of the base. 

4°. To determine if the wall will slide on a foundation of 
sandstone. 

From (14), 

, , , ^ E cos 6 
tan 0' > T— z. 

— C/ + Asino 

Taking 5 = 10 ft., G = i^-- 30x150 ^ 29250 lbs. 
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d = 35° 11', cos <y = 0.817, and sin 6 = 0.576, then 
JS^cosc^ 14500X0.817 



G + ^ sin <y 29250 + 14500 X 0.576 



= 0.315. 



From Table II, the value of tan 0' for masonry is 0.6 to 
0.7; hence there is no danger of the wall sliding on the 
foundation. 

5°. To determine the minimum depth to which the foun- 
dation must extend consistent with the stability of the earth. 

First determine the maximum value of x^. From (20), 

1 sin 



' 3 1 + sin* 0' 

where must be assumed at its minimum value. Assume 
that the minimum value of in this case is 30°; then 

^10.577^ 
^' " 3 1.333 - ^-^^^^ 

showing that the resultant must cut the base of the foun- 
dation within 0.133 feet of its centre. The resultant cuts 
the base of the wall 1.67 feet from the centre of its base; 
hence the width of the foundation must be increased. 

Assuming that the depth to which the foundation ex- 
tends is 4 feet, and that it is vertical in the rear; then the 
direction of the resultant pressure (not including the addi- 
tional weight of the foundation) will cut the base of the 
foundation 7.93 feet from the rear or heel. The required 
width of the base of the foundation is (7.93 — 0.13)2 = 
15.6; say, 16 feet. 

The value of j)^ can now be found, which corresponds 
to the assumed value of a;' = 4 feet. 
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From (19), 

— ' 1 + sin' 

l'. = 400i;g| = 2960lb8. 

The average intensity of the pressure on the base of the 
foundation diie to the resultant R is 

29250 + 14500 ri. ^ ^ ,3^^ ^^ 
lo 

The foundation adds an intensity equal to 4 X 150 = 600 
pounds approximately; hence the actual value of p^ = 2350 
-|- 600 = 2950 pounds ; therefore, if tlie foundation has a 
depth of 4 feet and a base of 16 feet, the wall will not sink 
nor the earth in front of the wall heave, until becomes 
less than 30°. 

6°. To determine if the tvall and foundation will slide on 
the earth. 

This is resisted in two ways — by the friction between the 
masonry and the earth, and by a prism of earth in front of 
the wall. 

The horizontal force tending to make the wall slide 
equals E sin d, or 14500.0.576 = 8352 pounds. The hori- 
zontal force tending to make the foundation slide equals 
the resultant earth-pressure on the rear face of the founda- 
tion, which is vertical and 4 feet in height. From (6), 

or E = 12800 X 0.226 = 2893. 
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Then the total horizontal force tending to make the wall 
slide is 

8352 + 2893 = 11245 lbs. 

From Table II the tangent of the angle of friction be- 
tween masonry and moist clay is 0.33, which evidently is 
much smaller than the tangent of the actual angle of fric- 
tion between masonry and dry earth. Assume this tangent 
to be 0.500. 

The total vertical pressure upon the base of the foun- 
dation is 37600 pounds, hence the ability to resist 
sliding is 37600 (0.5) = 18800 pounds, which is much 
larger than 11245; hence there is no danger of the wall 
slipping, even if the earth in front of the wall does not act. 

Ex. 2. Design a trapezoidal wall of Siindstone weighing 
150 lbs. per cubic foot, having a width of 3 ft. on top, a 
height of 30 ft., and the back inclining backward 15°, to 
retain a bank of sand sloping upward at an angle of 30°. 

Data. 

y = 100 lbs., W = 150 lbs. ; e = 30°, = 33°, a = - 15°; 
^=30 ft., B' = d ft., a; = 8 ft. 

1°. Graphical determination of the values of E and 6. 

In Fig. 5, let BG represent the surface of the earth, and 
AB the buck of the wall. Draw AF panillel to BG, and 
from any point Z)' in A Flay off Z)'^ equal to the vertical 
lyG, and draw FL horizontal; lay off the angle IFD' = 
= 33°, and locate the point M in D'Fso that if an arc be 
described with J/ as a centre and LM as a radius the arc 
will be tangent to IF; then with Jl/ as a centre and MFt\» 
a radius, describe the circumference FUJ and draw JH 
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parallel to JB; ^t A draw AL perpendicular to AB and 
equal to BL Then 

im^I^y = m^ioo^ urn = E. 



To determine d, prolong HI to A" and draw KJ. Then 
the angle which this line makes with the horizontal is 
equal to d, which is 6° to 7° in this case. 




Fig. 5. 



2°. Algebraic determination of B and d. 

Substituting in (1) and remembering that a is negative, 



J' = 45000 (0.875) l/0.0G7 -j- 0.183 - 0,lli = 14C00 lbs. 
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From (I'a), 

A 259 

^''^ * = oTmiom) + -^^^ = - ^•i^''^ = **" ^- ^°)- 

3°. Algebraic deter minatiou of the value ofB under the 
assumption that Q = ^B. 

Substituting the proper values in (11) and remembering 
that a is negative^ 

i? = - 4.7 ± VlQdAi~+'{i:7~y = 9.0 ft. 

The foundation can be designed in the manner outlined 
in Ex. 1. 

Ex. 3. Determine the dimensions of a brick wall hav- 
ing a vertical back to retain a bank of sand sloping up- 
ward at an angle of 20^ = 30% H = 20', B' = 2', 
y = 100. 

1°. Algebraic determinatioti of E and d. 

Since a = 0, 

E=^A (2) 

E = - ^ ^ ^^^ 0.424 = 8480; say, 8500 lbs. 

The value of A is readily found from Diagram I. 

d = e = 20°, since a = 0. 

2. Algebraic detennination of the value of B under the 
condition that Q = ^B, 
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From Table I, W= 125 lbs. Then 

or B^ + 6.65^ = 131.84. 



B= - 3.3G ± Vl3L84 + 3.36', 
and 

B^ - 3.3C + 11.96 = 7.60 ft. 

Ex. 4. Determine the value of B in Ex. 3 under the 
assumption that e = (horizontal earth-surf iice). 



-=^^ 



{"-•K-D^w^S- • («> 



or E = 20000 (0.333) = 666G, say 6700 lbs. 
Since or = 0, and e = 0, (J = 0, 

B^ + BB' = ^-^+B^'; (10) 

i?« + 25 = 111.2; 



5 = -1 ± 1^111.2 + 1, 

and B = -1 + 10.59 = 9.6 ft. 

Ex. 5. Determine the value of B in Ex. 3, under the 
assumption that e = (p = 30°. 

H = ^^cos = 20000 (0.866) = 17320 lbs. 
From (9), 
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B' + 15.86^ = 244.05; 

5 = - 7.93 + V2U.05 + rM\ 

and B= - 7.93 + 17.52 = 9.6 ft. 

Ex. 6. Determine tlie resultant pressure against the 
back of a wall when the surface of the earth carries a 
load equivalent to 5 feet in depth of saud. 

if = 30 ft., a = 10°, = 30°, e = 0, and ;^ = 100 
lbs. 



^ F 



v 



^^^^^^^^^ip^^^&^^^^ • 




Fig. 6. 

Grapliical solution of the problem. — In Fig. 6, let BS 
represent the surface of the earth, and BA the back of 
the wall. 

Make ST = 5, and draw HT and BH. Draw AR par- 
allel to BS, parallel to HT, and make LR equal to LT\ 
lay off the angle LRP equal to 30"; with as a centra 
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draw an arc passing through L tangent to PR, and then 
with OR as a radias describe the circumference of the 
circle RQHf, and at M draw MN parallel to AH; at -4 
and normal to AH draw A equal to NL. Then 

The direction of B will be parallel to QM. 

To determine the point of application of B, find the 
centre of gravity B' of ABVC, and draw B'D parallel to 
AC, then D will be the point of application of K 

E' can be found as follows: Produce ^(7 and BV, make 
Al^ CK=BV,BO=^ F/?'=^6; and join i^ and /and 
G and K. Then B', the intersection of FI and 6r/r, will 
be the centre of gravity oi AB VC. BD can be found 
from the formula 

i^/^coslU -- _______ . 

See (30) of Appendix. 

Ex. 7. Determine graphically the value of B when e = 
and a = 0, 0, y, and // being given. 

In Fig. 7 let -5/^ represent the surface of the earth, and 
AB the back of the wall. Draw AL parallel to BF and 
make IL = JF; lay off the angle OLH = 0, and at any 
point K in LH draw MX perpendicular to HL, and lay 
off MO = MK; draw MJ parallel to 01. Then will the arc 
IN, described with J" as a centre and //as a radius, pass 
through /and be tangent to GL; with / as a centre and 
JL as radius describe the circumference /// ; at A lay off 
AC= HI and normal to AB. Then 

AOxAB -, 

— 9 — y ^ ^- 



^2ii 
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E is parallel to BF and applied at D, AD being equal to 




Fig. 



Ex. 8. Determine the earth -thrust on the profile shown 
in Fig. 8, H, y, 0, and e being given. 

Graphical solution of the problem. — Let BCDEA repre- 
sent the given profile, and let the surface of the earth 
be horizontal. Prolong BC until it intersects SA in S\ 
draw SR normal to ^C/Sand equal to tlie intensity of the 
earth-pressure at S\ connect B and R, Then from the 
middle point of ^Cdraw 6^ i^ parallel to Sn\ the distance 
GF multiplied by y will be the average intensity of the 
earth- pressure on BC. In a similar manner the average 
intensities on CD, DE, ^r\A EA can be found, and hence 
the total pressures on each determined. Tlie points of ap- 
plication of these resultant pressures, E^, E^, ^, , and E^ , 
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^ 



can be found by the method used in Ex. 6 for finding 
the centre of gravity of a trapezoid. The directions of 
D 



m^^^^^v^^M^^^^^^ 
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E^y E^^ E^, and E^ are found from the construction on the 
right. 

Ex. 9. Determine the thrust of the earth against a ver- 
tical wall when e is negative. 

For the explanation of this construction, see Part II, 
page 47, Fig. 8a. 

Ex. 10. From the following data determine E, d, and 
Q: 

6 = 0, = 38°, a = 10° 23'; ;/ = 90 lbs., W= 170 lbs.) 

if = 15 ft., ^ = 6 ft., B' = 2 ft. 
Anfi. E = 3037 lbs., 6 = 27° 13', Q = 2.2 ft. 

Ex. 11. Determine the dimensions of a trapezoidal wall 
built of dry, rough granite, having ^ vertical back ami 
being 20 feet high, to safely retain the side of a siind cut, 
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the surface of the sand being level with the top of the wall. 
fr=165 lbs., y=\00 lbs., = 33° 40', H = 20 ft, 
5' = 2 ft. 

Ans. E = 5734 lbs., 6 = 0, B = S ft., and Q = 2.8 ft, 
about. 

Ex. 12. The same as Ex. 11, with a = S° instead of 
a = 0. 

Ans. E = 6330 lbs., B = S ft, and Q = 2.7 ft 



-raw 



a 
t 




^- ai" 
£r- 
^- 100 


J 
lOiX) 


' ^ j.^^' 

9 



Fig. 8a. 

Ex. 13. Wliat must be the dimensions of a rubble wall 
of large blocks of limestone, laid dry, to retain a sand 
filling which supports two lines of standard-gauge railroad 
track ? (Assume the depth of sand to produce a pressure 
on the earth equal to that produced by the railroad and 
trains as 4 feet.) 
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5^= 15 ft., a = 8°, = 33° 4(y,y = 100 lbs., W = 170 
\ha., B' = 3.5 ft. 

Ans. ^=5760 lbs., S = 18° 7', 5 = 8 ft, ^ = 2.7ft. 

Ex. 14. Determine B, *, B, and $, when W = 170 
lbs., ;^ = 100 lbs., a = 8°, 6 = = 33° iO', H = 20 ft., 
i?' = 2 ft. 
^//5. jgr = 21760 IbB., * = 32° 25', ^ = 9 ft., § = 3 f t. 

* Ex. 15. A wall 9 ft. high faces the steepest declivity 
of earth at a slope of 20° to the horizon; weight of earth 
130 lbs. per cubic foot, angle of repose 30°. Determine 
B when a = 0. 

Ans. ^=2187 lbs. 

* Ex. 16. 6 = 33° 42', = 36°, 11=3 ft., y = 120 
lbs., a = 0. Determine B. 

Ans. B=27Sl\M. 

* Ex. 17. = 25°, 6 = 0, a = 0, iJ = 4 ft., J' = 120 
lbs., J^=? 

Ans. B=^ 390 lbs. 

* Ex. 18. = 38°, 6 = 0, a = 0, if = 3 ft., ^ = 94 
lbs., JS' = ? 

Ans. ^=100.5 lbs. 

* Ex. 19. A ditch 6 feet deep is cut with vertical faces 
in clay. These are shored up with boards, a strut being 
put across from board to board 2 feet from bottom, at 
intervals of 5 feet apart. The coeflBcient of friction of 
the moist clay is 0.287, and its weight 120 lbs. per cubic 
foot. Find the thrust on a strut, also find the greatest 
thrust which might be put upon the struts before the ad- 
joining earth would heave up. 

Ans. B = 1230 lbs. 
Thrust per strut = 6128 lbs. 
Greatest thrust = 19029 lbs. 

* Alexander's Applied Mechanics. 



26 narAmmo-WAiLS fou mhta 

* Ex. 20. A wall 10 ft. high, 2 ft. thick, and weighing 
144 lbs. per cubic ft., is founded in earth weighing 112 
lbs. per cubic ft., and whose angle of repose is 32°. Find 
the least depth of the foundation. 

Ans. x' = 1.21 ft. 10 - 1.21 = 8.79 ft. = amount of 
wall above the ground. 

* Ex, 21. An iron column is to bear a weight of 20 
tons (2240 lbs. = one ton); the foundation is a stone 3 
ft. square on bed, sunk in earth weighing 120 lbs. per cu. 
ft.; angle of repose 27°. Find the least depth to which it 
must be sunk for equilibrium. 

Ans. x' = 6 ft. 

* Ex. 22. A brick wall, allowing for openings, weighs 
42000 lbs. per rood of 36 sq. ft. (on an average one brick 
and a half), and stands 45 ft. above the ground; the 
foundation is to widen to four bricks at the bottom. Find 
depth of foundation in clay weighing 130 lbs. per cu. ft. 
(angle of repose 27°), neglecting weight of unknown foun- 
dation. 

Ans. re' = 1.7 ft. 

* Alexander's Applied Mechanics. 



PART 11. 

THE THEORY OF EARTH-PRESSURE AND THE 
STABILITY OF RETAINING-WALLS. 



Preliminary Principles, — Before demonstrating the gen- 
eral formula for the thriisfc of earth against a wall, it will 
be necessary to establish the relations between the stresses 
in an unconfined and homogeneous granular mass. 

* In Fig. 1 let ABC he any small prism within a grauu- 
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lar mass wliich is in equilibrium un er the action of the 
three stresses P, (?, and R, having the intensities p, q, and 
r respectively. 

* In all the demonstrations which follow, the dimension perpen- 
dicular to the page will be considered as unity. 
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Let B represent the angle of inclination of the plane CB 
with ABy and the angle at ^ be a right angle. 

The planes AB and AC are called planes of principal 
stress, and P and Q are called principal stresses. 

Case I. If the principal stresses are of the same hind 
and their intensities the same, then will the resultant stress 
on any third plane he normal to that plane and its inten- 
sity be equal to that of either principal sf7*ess. 

In Fig. 1, for convenience, let -4^ = 1, then AC=t8Ln0, 

and CB = jr Hence 

cos (f 

r 
F = Pf Q = q tan ff = p tan 0, since p = q, and B = ^ . 

Since P, Q, and R are in equilibrium, they will form a 
closed triangle, as shown on the right in Fig. 1. Hence 



or 



.•. r=p = q. 
Also, R COS FDE=P, 

or 7, cos FDE = p: but r = ». 

cos u ^^ ^ 

Hence cos 6 — cos FDE= cos HDOi 

r. HDQ-B and ^ is normal to CB. 
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Case II. If the principal stresses are not of the same 
hind but their intensities the same, then will the resultant 
make the angle d with the direction of the principal stress, 
hut on the opposite side from that on which the resultant in 
Case I lies, and its intensity he equal to that of either prin- 
cipal stress. 

The demonstration of Case I proves this principle if 
Fig. 1 is replaced by Fig. 2. 

M EOF 

G ; 



'0 



G 


r^ 


• Q 




/ 


^ 


P 
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Case III. Given the principal stresses of the same kind 
hut Jiaving unequal intenstttes, to determine the intensity 
and direction of the resultant stress on any third plane. 

Let P and Q be compressive and the intensity ji; > the 
intensity q. 

The following identities can beVritten : 



and 



P = i(P + ^)+i(i^-^); 
? = |(P + ?)-i(l^-?)} 
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or the resultant intensity on the plane GB may be con- 
sidered as being the resultant of two intensities, one being 
the intensity of the resultant stress caused by two like prin- 
cipal stresses having the same intensity \{p -f q), and the 
other the intensity of the resultant stress caused by two 
unlike principal stresses having the same intensity i(j3— q)> 




Fig. 8. 

The intensity of the resultant stress caused by the first 
two principal stresses will be, by Case I, i(;? + q)y and the 
direction of the resultant will be normal to the plane CB, 
By Case II the resultant of the second pair of principal 
stresses will make the angle 6 with the direction of P, and 
its intensity will be \{p — q)'y then the resultant intensity 
can be found as follows: 

In Fig. 3 draw MD normal to BO, and make LD = 
iip + q)', with i as a centre and LD as radius, describe 
an arc cutting FD at F. Then the angle LFD = LDF = ft 
Lay off iff = ^(j9 — y), and draw OD^ which is the result- 
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ant intensity^ and the intensity of the resultant stress on 
CD caused by the two principal stresses P and Q. GD 
also represents the direction of the resultant stress /?. 

Since the intensities of the principal stresses remain con- 
stant, \{p-\'q) and \{p — q) will remain the same for 
any inclination of the plane CB\ hence the intensity r of 
the resultant depends upon the angle 6 when jo and q are 
given. 

From Fig. 3, 

GL cos W = LM and GL sin 20 = GM, 

DM=DL + LM= \{p + q)-\- \{p - q) cos 26^, 

GD^ = r^ = GM* + DM\ 
or 



r = Vp^ cos'' 6-\-q^ sin-* d, . . . . (a) 

which is the general expression for the intensity of the 
resultant stress of a pair of principal stresses. 

As the angle changes, the angle ft will also change, 
and it will have its maximnm value when the angle 
LGD = 90°. This is easily proven as follows: 

With L as centre and GL as radius describe an arc; 
then /3 will have its maximum value when the line DG is 
tangent to the arc; but when DG is tangent to the arc the 
angle LGD is a right angle, since Z^ is the radius of the 
arc. 

sin max 6 = ^ . ^ , (b) 

p + q ^ ^ 

from which the following can be easily obtained : 

j» _ 1 — sin max /3 . 

g "" 1 + sin max /3' ^ ^ 
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which expresses the limiting ratio of the intensities of the 
principal stresses consistent with equilibrium, p being 
greater than q. 

Case IV. Oiven the intensity and direction of the re- 
sultant stress on any plane, and the value of max >5, to 
determine the intensities and directions of the priticipal 
stresses^ 




Fig. 4. 



Let AD represent the giyen plane and OD the direction 
and intensity of the resultant stress at the point D. 

Draw DL normal to AD, and draw DI, making the angle 
max p with LD. At any point J in DL describe an arc 
tangent to DI, cutting GD in K and draw GL parallel 
to KJ'j with i/ a? ^ centre an(J Z(? ^9 racjius d^scrib^ 
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a circumference. This circumference will pass through 
and be tangent to />/; hence -jjj = sin max fi. 

Since sin max 6 = ^ ^, and GL and LD are com- 

p + q 

ponents of r, 

GL = i{p-^q) and DL = i{P + q)l 

then ND = NL + LD = i{p-q)+i{p + q)=P, 

and MD = LD- LM= Up + Q) - iiP -?) = ?> 

which completely determines the intensities of the principal 
stresses. 

According to Case III, the direction of the greater prin- 
cij^al stress bisects the angle between the prolongation of 
LM and the line GL; hence RL represents the direction 
of the greater principal stress, and that of the other is at 
right angles to EL. 

The above intensities and directions being determined, 
the intensity of the resultant stress on any other plane 
passing through D is easily determined as follows: 

Let DY represent any plane passing through D, draw 
DL' normal to MY and equal to ^{p + q). Draw R'D 
parallel to BL, and with L' as a centre and L'B as radius 
describe an arc cutting R'Dat 0, and make L'G'= i{p~Q)y 
then G'£> = r' = the intensity of the resultant stress on 
DY. 

It is clear that if the value of max /3 can be obtained 
for a mass of earth that the construction of Fig. 3 can be 
employed in determining the intensity of the earth-pressure 
at any point in a7iy plane within the mass. 
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It has been established by experiment that if a body be 
placed upon a plane, that (as the plane is made to incline 
to the horizontal) at some angle of inclination the body 
will commence to slide down the plane, and that this angle 
depends largely upon the character of the surfaces in con- 
tact. 




Fig. 5. 

In Pig. 5 let AB represent a plane inclined at the angle 
with the horizontal, and C any mass just on the point of 
sliding down the plane. Let EC represent the weight of 
the mass G, and ED and DC the components respectively 
parallel and normal to the plane AB, Then DE is the 
force required to just keep the mass C from sliding down 
the plane, assuming the plane to be perfectly smooth, or if 
the plane is rough this force represents the effect of fric- 
tion. 

-DC = ^^"^ ^' 

or when the mass C is about to slide, the resultant pres- 
sure EC on AB makes the angle <p with the normal to the 
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plane, the angle <f> being the inclination of the plane A£, 
and is called the angle of friction. 

In the case of earth, considered as a dry granular mass, 
the inclination of the steepest plane upon which ^arth will 
not slide is called the angle of repose, and the plane the 
surface of repose. 

From the above, then, it follows that in a mass of earth 
the resultant pressure on any plane cannot make an angle 
with the normal to that plane which is greater than the 
angle of repose ; therefore the construction of Case IV 
applies to earth when max /3 is replaced by 0. The values 
of for earth under various conditions are given in 
Table II. 

The preceding principles will now be applied in deter- 
mining the thrust of earth against a retaining-wall. 



EARTH-PRESSURE. 

In order that the formulas may not become too complex 
for practical use, it will be assumed that the earth is a 
homogeneous granular mass without cohesion. The surface 
of the earth will be considered to be a plane, and the length 
of the mass measured normally to the page as unity. 

* Give7i the intensity and direction of the resultant stress 
at any point in any plane parallel to the surface of the 
earth, the inclination of the surface of the earth with the 
horizontal^ and the angle of repose, to determine the iw- 
tensity and direction of the resultant stress on a vertical 
plane passing through the same point. 

*For comparison, see the " Technic," 1888; a construction by 
Piof. Greene. 

The construction follows (see Fig. 4, above) directly from Ran- 
kine's Ellipse of Stress. 
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In Pig. 6 let jBQ represent the surface of the earth, eind 
D any point in the plane AD parallel to J5^ ; draw DQ 
normal to AD, and make the vertical GD equal to QD\ 
then GD'Y is the intensity of the resultant pressure at A 
Draw DM, making the angle with LD, and with L as 
centre describe an arc tangent to />Jf and passing through 
0\ then by Case IV LOy = l{p - y>, LD.y = Up + q\ 
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and RL bisecting the angle QLO is the direction of the 
greater principal stress. To determine the intensity and 
direction of the resultant stress at /> on a vertical plane, 
proceed according to Case IV. Draw R'D parallel to RL 
and DU = DL normal to DG. With L' as a centre and 
L'D as radius describe an arc cutting R'D at R", and make 
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i'6' = LO; then DO' represents the direction of the 

resultant stress^ and DO'*y the intensity of the resultant. 

In Fig. 6 the angle R'DV = DR"V = 90° - cw + ^. 

.\ G'L'D = 2gj- W. But 20' =zaf + e; hence OTD 

Draw LY = LO\ then the angle DLY = co— e. ,% Since 
LD = DU and LY= L0 = L'O', the triangle O'L'D 
equals the triangle LYD and the angle O'DU = e; or the 
direction of the resultant earth-pressure against a vertical 
plane is parallel to the surface of the earth. 

From Fig, 6, 

\Kv — y) cos 00 = ffX. Yy 
\{^p — q) sin on = XX. ;/', 
l(i^ + ?) cos e = 2>X- ;^. 

Now DY^DO' = DG- 20X, 

or 

i)Gf' . y = DG • y — (p — g) cos cw 

= \(P + Q) cos e — i(;o — g') cos gj, 



and 

or 

cos a? 



p + q ' 
sm CO = ^— -!— 1 gm e, 

p-q 



= /i - ^J' «^^' - = |/(^-g Y/^tr ^^^'^ 



and since J(/> + g') sin = i(p — y). 



1 



cos G? = -i — :: V^cos' € — cos'' <f>. 
sm ^ 
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Substituting this value for cos go in the equation for 
DO' *y, it becomes 

DO' 'Y = \kV + ?) cos e — \{'p—q)— — -r Vcos'' e — cos" 0, 

1 v-Vq 

or since -; — - = ^ ^ , 

sm P " 9^ 

DO' . y = J(/? + 3') {cos e — locos'' e — cos* 0}. 
In a similar manner^ 



DO ' y = \{p -{■ q) {cos e + f'cos" e -- cos* 0}, 
and 



2>6^' ^ cos e — V'cos* e — cos* 0^ 
Z>ff cos e + i^cos* e — cos* 0^ 
hence 



^^, _ j^ cos e — i^cos* e — cos* 
cos € + i^cos* e — cos* 

Let ic = the vertical distance between the two planes 
BQ and AD, then 

DG= DQ = x cos e. 



^ ^. , . cos e — i^cos* e — cos* 

••• i>G^'-r = (^)rcose — — =„=^, 

cos e + V cos e — cos 

which is the expression for the intensity of the resultant 
earth-pressure on a vertical plane at any depth x below the 
surface. 
Let 



-, . cos e -- Vcos* e — cos* , ,v 

* ^ = cos e . . . (a) 

cos e 4" T cos* e — cos* 

* See Rankine's Applied Mechanics ; Alexander's Applied Me- 
chanics ; Theories of Winkler and Mohr. 
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The average intensity of the resultant earth-pressure on 
a vertical plane of the length x will be 



t\y^^ 



and hence the total pressure will be 



P=ly^ («) 



Since the intensities of the pressures are uniformly varying 
from the surface, and increasing as x increases, the appli- 
cation of the resultant thrust will be at a depth of \x be- 
low the surface. 

Considering the earth as an unconfined mass, the above 
formula is perfectly general and can be applied under all 
conditions, including the case when e is negative. 

The resultant stress on any plane as AB, Fig. 6, can be 
found by applying the principles of Case IV. Draw PA 
parallel to RL, make AN= LD and NO = LG'y then A 
represents the direction of the resultant pressure on AB. 
Make AO = A0\ then the area of the triangle ^5(7 mul- 
tiplied by y is the total pressure on the plane A By and this 
pressure is applied at \AB below B. 

In unconfined earth this construction is perfectly gen- 
eral and applies to any plane. It also applies equally well 
to curved profiles. An example illustrating the applica- 
tion of the method will be given in the applications. See 
pages 22 and 23. , 

The following graphical construction. Pig. 7, is more con- 
venient than that of Fig. 6. 

As before, let BE represent the surface of the earth, and 
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AD 2k plane parallel to the surface. At any point i) in 
this plane, draw DE vertical and make DF= DE \ draw 
FQ horizontal and make the angle HFD = <f>. 

With Z as a centre, describe an arc passing through G 
and tangent to MF*y then with Z as a centre and LF as 
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radius, describe the circumference FON, cutting AD bX N'y 
through N draw NO parallel to AB, then draw AC nor- 
mal to ^^ and equal to OG. The area of the triangle 
J ^(7 multiplied by y will be the total earth-pressure on 
AB. To determine the direction of the thrust prolong OG 
to Q, then QN is the direction of the thrust. 

That this construction is equivalent to that of Fig. 6 is 
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proved as follows. The triangle OLF of Fig. 7 equals the 
triangle GLD of Fig. 6. 

.-. OL'y=z\{p-q) and LF-y = LOy = \{p+ q). 

In Fig. 6, the angle NAP = NPA = 90°- i((»-e)— cr. 

• • . ONA = G7 - e + 2a. 

In Fig. 7, the angle 0LN=2€-%a. But GLN= (»+e. 

.-. 0L0= Go—€ + 2a, 

and G^O of Fig. 7 equals ^ of Fig. 6. 

In Fig. 7, the angle QNO = 90° - /?'• 

In Fig. 6, the angle OAB = 90° - fi'. 

Therefore the direction of the thrust is the same in both 
constructions. 

The two constructions given above are all that is re- 
quired to determine the thrust of earth upon any plane 
within the mass of earthy as one can be used as a check 
upon the other; but as a formula is often very convenient, 
a general formula will now be deduced which will enable 
one to determine the values of E and d for any plane with- 
in a mass of earth. 

General Formula for the Thrust of Earth. 

In Fig. 8, let BQ represent the surface of the earth and 
AB any plane upon which the earth-pressure is desired. 

Draw AD parallel io BQ and let the vertical distance 
gD = F4 = X, 
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From (e) the earth-pressure upon FA is parallel to the 
surface and equal to 




Fio. 8. 



But AF= x = mi + tan a tan e) = jj22^ — ^. 

cos a cos e 

• ' ^ ~ 2 cos" a cos' e ^- • • • ^^ 

Now the thrust P combined with the weight of the 
prism Ji?i^ must produce the resultant pressure upon AB^ 
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Then from Fig. 8, 



V = —~ tan a (1 + tan a tan e) 



H^y sin a cos (e — a) 

2 cos'' a cos € ' 



07) 



JS^ = l/( F+P sin e)"+(P cos e)* = VV'+F'+ 2 VP sin e. 
Substituting (/) and {g) in this it becomes 



E=?^ cos^e-_a) 
2 cos* a cos e 



4/ sin* a + 2sin a sin e cos (e — a) 1- cos'(e — a) 

r ' cos e ' < 



cos- e ' 

which becomes, by replacing A by its value from {d ), 

^^ gy cos(e-a ) 
3 cos* a cos e 

+ sin* a 



^ cos e— 4/cos* e— cos* 

+ 2 sm a sin e cos (e— a) ===r 

cos €-\- ycos'^ e— cos^* ^ ^ /JX 

( cos e — Vcos'-^ e— cos"' ) 

+ cos* (e — a) "i ; : > 

( cos € + r cos* e— cos^ 4> ) 

which is the general equation for the thrust of earth upon 
any plane within the mass. 

To determine the direction of the thrust of the earth, 
let d be the angle which the direction of the thrust makes 
with the horizontal; then, from Fig. 8, 

V 

t^n d = yz 1- tan e. 

/* cos e 
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Substituting the values of V and P given above^ this 
becomes 



e. Bin a cos e 4- 8in e cos ie — a) A ,^ ^ 

tan 6 = ■ 7 ^— i ^- — , . (la) 

cos e cos (e — a) ^ ' ^ ' 



where 



. cos e — f'cos' e -- cos'' d> 
A = cose =^. , . {d) 

cos 6 + T COS € — cos 

Equations (1) and (Icr) are readily reduced to more sim- 
ple forms for special cases. These forms will be found in 
Part I. 

T7ie Plane of Rupture. — Although it is not necessary to 
know the position of the plane of rupture in order to deter- 
mine the thrust of the earth, yet it may be of interest to 
know its position, which can be easily determined as fol- 
lows: 

The plane of rupture will be back of the wall and pass 
through the heel of the wall. The resultant earth-pressure 
will make the angle with the normal to this plane. Now 
the tangent of the angle which the direction of the result- 
ant earth-pressure on any plane makes with the horizontal 
is determined from the formula 

4. ^ sin or 

tan o = 7 r-T- + tan e. 

cos (e — a) A ' 

If GO represents the angle which the plane of rupture makes 
with the vertical passing through the heel of the wall, 
a = Gj and d = + a?. 

tan (0 + cw) = -, r-T + tan e, 

^^ ' ^ cos (e — go) A 

from whjch the yajue of <w can be determined for any case. 



TffBORT OF BARTSPRESSUBff, 46 

For the case where e = 0, e being positive with respect 
to the wall and negative with respect to the plane of rupture^ 
the above equation becomes 

tan (0 + cw) = T-T-- — : -7 — tan 0, 

^ ' ' cos (0 + go) cos ^ 

which is satisfied when go = 90° — 0. 
For the case where e = 0, 

X /^ I \ sin G? 

tan (0 + a?) = 



cos GO tan' 



r~0\' • 



K-r) 



which is satisfied when go = 45° — |^. 

Reliability of the Preceding Theory. — The preceding 
theory is based upon the assumptions that the earth is a 
homogeneous mass and without cohesion, and the formulas 
are deduced under the assumption that the surface of the 
earth is a plane. 

All writers on the subject have considered the earth as a 
homogeneous mass and, with a few exceptions, without 
cohesion. 

Old and recent experiments indicate that cohesion has 
very little effect upon the pressure of the earth, which ex- 
plains why it has not been considered by most writers. 

The assumption of a plane earth-surface is necessary 
whenever practical formulas and direct graphical construc- 
tions for obtaining the thrust of the earth are obtained. 
General formulas can be deduced for any character of sur- 
face, but they are too complex for practical use. Those 
graphical constructions which do not require a plane earth- 
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surface are not direct in their solution of the problem, but 
require a series of trials to obtain the maximum thrust. 

If the earth-surface is not a plane, one can be assumed 
which will give the thrust of the earth sufficiently exact 
for all practical purposes. 

For uncon fined earth no exceptions can be taken to the 
preceding theory, the assumptions upon which it is based 
being accepted, and for confined earth the theory must be 
true when the direction of the principal stress passing 
through the heel of the wall lies entirely within the earth. 

For all cases in which a and e are positive the theories 
of Rankiney Winkler , Weyraiichy and Mohr agree and give 
identical results with the preceding theory, as they should, 
being founded upon the same assumptions. 

When a is negative Wet/ranch does not consider his 
theory reliable, and his equations lead to indeterminate re- 
sults. 

Winkler and Mohr consider their theories reliable when- 
ever the direction of the principal stress passing through 
the heel of the wall lies entirely within the earth. 

liankine's method of considering the case where a is 
negative is equivalent to assuming that the introduction of 
a wall does not affect the stresses within the mass. 

It may be concluded that the preceding theory is per- 
fectly exact when a and e are positive; and when a or e is 
negative that the stresses obtained will be the maximum 
which under any circumstances can exist. 

For the case where e is negative the stress obtained 
(which represents the maximum thrust the wall can have 
against the earth and have equilibrium) will be considerably 
larger than the actual stress (when a wall is introduced), 
depending upon the magnitude of e. For small values of e 
tlie results will be practically correct. For large values of e 
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the following method can be employed in determining the 
thrust of the earth. The method depends upon the assump- 
tion that the pressure of the earth is normal to the back of 
the wall. This may or may not be the case, but it appears 
to be the most consistent assumption to make for this rare 
and not important case. 




Fio. 8a. 

* In Fig. 8a, let ABhQ the back of the wall and Bfi\\Q 
surface of the earth. Make Ba = ab = be = cd = etc. 
Some prism BAa or BAb or BAc, etc., will produce the 
maximum thrust on the wall; and when this maximum 
thrust is produced, the resultant pressure on the plane Aa 

♦See Van Nostrand's Magazine, xvii, 1877, p. 5. "New Con- 
structions in Graphical Statics," by H. T. Eddy, C.E., Ph.D. 
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or Ab OT Ac, etc., will make the angle with the normal 
to the plane. 

On the vertical line Ad' lay off ^a'=a'i'=^V, etc., and 
draw Aa" making the angle with the normal to Aa, Ad" 
making the angle with the normal to Ab, etc.; then draw 
a'a",Vb", etc., perpendicular to AB, and draw a curve 
through Aa", b", c", etc. Then there will he a maximum 
distance parallel to a' a" between Ad' and this curve whicli 
will be proportional to the thrust of the earth against AB. 
This maximum distance multiplied by the altitude Ac ~-2 
and the product by y,tlie weight of a cubic foot of eartl), 
will be the pressure of the earth. 

This method is perfectly general and can be applied in 
any case. 

If the earth-pressure is assumed to have the direction 
given by the formulas of the preceding theory, the con- 
struction will give the same value of E, the pressure of the 
earth. 

Some writers assume that the direction of ^ makes the 
angle 0"= with the normal to the back of the wall in 
all cases. This assumption cannot be correct until the wall 
commences to tip forward, and then it is doubtful that such 
is the case unless the earth and wall are perfectly dry. 

To be on the side of safety in every case, it is better to 
take the direction of E as given by the above theory. 

The construction of Fig. Sa will give the maximum thrust 
for any assumed direction for any case. 

Trapezoidal Walls. 

It will be assumed that the direction and magnitude of 
the earth-pressure is known, that the position and extent 
of the back of the wall and the width of the top are given^ 
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to <ietermine the width of the base for stability ftgaiiwrfc orer- 
tuming^ sliding^ and crashiBg of the material. 

a 




1'r +g I 






Fig. 9. 



Stahility against Overturnivg, — Let ABCD,Yig, 9, rep- 
resent a section of a trapezoidal wall, TR the direction of 
the earth-thrust, JG the vertical passing through the cen- 
tre of gravity of the wall, and JO the direction of the re- 
sultant pressure on the 'base AD caused by E and G. 

As long as R cuts the* base AD, the wall will be stable 

against overturning. When R takes the direction JQ, the 

wall may be said to be on the point of overturning; then 

ON 
the factor of safety against overturning is yji^, where ON 

is the actual value of B, and QNthe value of B required to 
make the resultant R pass through D. 

Stability against Siiding, — Since the wall will not slide 
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along the surface DA until the resultant R makes an angle 
with the normal to DA greater than the angle of friction 
0', the factor of safety against sliding can he obtained as 
follows: Draw JP making the angle JMU=(p'] then 

PN 

the factor of safety against sliding is t^^, where PiV is the 

force required in the direction of E to make R make the 
angle 0' with the normal to ADy and OiV^the actual value 
of ^. 

Stability against the Crushing of the Material, — In ordi- 
nary practice walls for retaining earth are not of sufficient 
height to cause very large pressures at their bases, but it 
is necessary to consider the subject on account of the ten- 
dency of the bed-joints to open under certain conditions. 




Let ^5, Fig. 10, represent any bed- joint in the wall, P 
the vertical resultant pressure upon the joint, and x^ the 
distance of the point of application from the centre of the 
joint. 

The intensity of P can be considered as composed of a 

p 

uniform intensity p^ = -^, and a uniformly varying inten- 
sity pj, so that ^aj= Pq + 1K'> I^^t ^ equal the tangent of 
the angle ODE, then p^' = ax and /?« = i?o + ^^' 



The pressure upon a surface {dx) — the joint being con- 
sidered unity in the dimension normal to the page — is 

p^dx = p^dx + axdx, 

and the moment of this about DB is 

{Podx + axdx)x. 

The algebraic sum of these moments for values of x be- 

■n 

tween the limits ± — must equal Px^, or 
Px^ = / {p^xdx + ax^dx). 



J -\B 



Integrating^ 



and 



B^ ~ B' 



^ — D8 — »a * 



or 



_B' + 12xx^ 

and if ir^ be replaced by j^B — Q, where ^ is the distance 
from A to the point where P cuts the base, (Fig. 11,) 

and 

p' = and ^ = 2p^ 



Sd 
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from which it is seen that when R cats the base outside 
the mdddiLe tinrd^ the joint will have a tendency to open at 
points which are at a maximum distance from R where it 
cuts the base. 

Therefore in no case should the resultant pressure be 
permitted to cut the base outside the middle third. This 
makes it unnecessary to consider the stability against over- 
turning. 




Fig. 11. 



Then in designing a wall the following conditions must 
exist for stability : 

I. The resultant R must cut the base for stability against 
overturning. 

II. The resultant R must not make an angle with the 
normal to the base of the wall greater than the a/t^gle offrio- 
tion 0'. 
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III. The resuUant R must not cut the base outside of 
the middle third, in order that there may be no tendency for 
the bed-joints to open. 

The above three conditions apply to any bed- joint of the 
wall; bnt if they are satisfied at the base and the wall has 
the section shown in Fig. 11, it will not be necessary to 
consider any joints above the base unless the character of 
the stone or the bonding is different. 

Determination of the tvidth of the base of a retaining^ 
wall tinder the condition that R cuts the bas^ at a point 
\B from the toe of the wall. 

Let H, B'y X, dy and E be given to determine B. 

From Fig. 11, 

KF= ~ sm a + - cos (T — sm <T, 

Odd 

~ Z{B + B') ' 

TTW-ur, B_ B' + BB'- Bx - %B'x -B'* 
HF- HD-- 3CB + iP) • 

For equilibrium 

E{KF) = 0(HF) = ^"t"^' HW{HF). 

hi 

Substituting the values of JO' and HF in the above and 
reducing, it becomes 

'4.E 



^ + ^{^^^^ + S'-^) 



2E 



= ^™(5^cosd + a;8ind) + 2^'a:+5", . (8) 
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which is the general equation for the width of the base of 
a trapezoidal wall. 

For a rectangular wall B' = B. 

For a triangular wall B^ = 0, 

For a wall with a vertical front B' -\- x = B or 
B' = B-x. 

For a wall with a vertical back x = 0. 

Equation (8) is easily transformed to satisfy the require- 
ments of special cases. 

The width of the base can be found graphically by as- 
suming a value for B and finding the value of Q; it it is 
less than ^B another value of B must be assumed, and so 
on until Q is equal to or greater than ^B. 

Depth of Foti7idatio7is. — Given the angle of repose of 
any earth, to determine the depth to which it is necessary 
to sink a foundation to support a given load. The surface 
of the earth is assumed to be horizontal. 




Ca8E I. When the intensity of the pressure on the base 
of the foundation is uniform. 

In Fig. 12, let p^ represent the intensity of the pressure 
on the base of the foundation, 
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Now when the masonry is about to sink (see Eq. (c)), 

»„ 1 4- sin 1 — sin 

q 1 — sin ^ '^^ 1 + Bin 

If x' represents the depth to which the foundation extends 
below the surface of the earth and y the weight of a cubic 
foot of earth, then yx' equals the vertical iutensity of the 
earth-pressure on a plane at the depth of the lowest point 
of the foundation. 

When the wall is on the point of sinking, the earth must 
be on the point of rising, or 

q __ 1 + sin 
yx' "~ 1 — sin 0* 
or 

, ( 1 + sin ) ' ,_. 

In any case jo^ must not have a greater value than that ob- 
tained from (15) — 

The value of x' as obtained from (16) is the least allow- 
able value consistent with equilibrium. Since x' is a func- 
tion of tan* (45°— -1, care must be taken that is assumed 

at its least value. As becomes smaller the value of x^ 
increases rapidly. 

Case II. When the intensity of the pressure on the base 
is uniformly varying. 

Let p represent the maximum intensity of the pressure 
on the earth and p' the minimum intensity; then for 
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equilibrium p must not exceed the value obtained from the 
following equation : 

^ = ^>lniii5:0f (^^) 

Also, p' must never be less than x^y\ then 

which expresses the maximum value which p^ can have for 
the equilibrium of the earth. Solving (18) for a;', 

^,^^(l-8in^ .... (19) 
y l-\- Bin' <t> ^ ' 

which is the minimum value «' can have for the equilibrium 
of the earth. 

In order that p' may never be less than x'y the result- 
ant pressure on the base of the foundation must cut the 
base within a certain distance of the centre of the base. If 
x^ equal this distance, then (see page 51) 

6x; 



y=(i-5)^-=^> 



Substituting the value of J9, from (18) and solving for rr„, 

^. = l_jilL^ (20) 

• 3 1 + sm' fff ^ ' 

which is the maximum value a;, can have, consistent with 
the stability of the earth. 

Ahitting Power of Earihi — Let the surface of the earth 
Ve horizontal and the body pushing the earth have a verti- 
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cal face; then at the depth x' the maximam horizontal 
pressure per unit of area is (see Case I above) 

. 1 + sin 
^ '^ 1 — sin 

and since q varies directly as x\ the total thrust P which 
the earth is capable of resisting is 



^ (x'Yy 1 + sin 
^ 1 - sin 0* 



(21) 



APPENDIX. 



WEYRAUCH'S 
THEORY OF THE RETAINING- WALL* 



In the following the earth is supposed without cohesion, 
and its pressure is determined independently of any arbi- 
trary assumptions as to direction of the earth-pressure, and 
with sole reference to the three necessary conditions of 
equilibrium. The single and only supposition, then, is as 
follows: That the forces tipon any imaginary plane-section 
through the mass of earth have the same direction. 

This assumption lies at the foundation of all theories of 
earth-pressure against retaining-walls. For those cases, 
therefore, to which the following discussion does not apply 
no complete or satisfactory theory is yet possible. In 
what follows, the ordinary assumption as to the direction 
of the earth-pressure will be proved to be incorrect, except 
for special cases. 

* Zeitscliriftfur Bavkunde, Band I. Heft 2, 1878. 
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GENERAL RELATIONS. 

Let the surface of the earth have any form, and the 
wall AB, Fig. 1, have any inclination. The earth-pres- 
sure makes any angle, S, with the normal to the wall. 

Suppose through the point A the plane A C. Then the 
weight G of the prism ABCi& held in equilibrium by the 




reaction of the wall, E, and by the resultant, B, of all the 
forces acting upon AO. 

Now decompose U, O, and B into components parallel 
and normal to AC\ then for every unit in length of the 
wall, denoting by e, g, and r the lever-arms of Ey ff, and 
B respectively with reference to A, the sum of the forces 
parallel to ^ (7 = 0, or 



i>-P,-P. = 0; 



(1) 
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the fam of the forces perpendicular to ^ (7 = 0^ or 

e+G.-e, = o; ..... (2) 

the gum of momenta about ^ = 0, or 

Gg + Ee-Rr^Q (3) 

Equation (3) was first introduced by Prof. Weyrauch. 

Further, according to the theory of friction, if <p is the 
ooeffioient of friction for earth on earth, 

P / P " P / 

Q- = tan g) or q _^ q = *»» V- • • (4) 

If now there is any planefor which 

P-P. = «? + ejtan9., . • . (5) 

P — P 
this plane A G will be a plane of equilibrium, and . ' 

will be a maximum, or 



d 






a^ =' (^> 



This plane is designated as the '^surface of rupture/^ 
From Fig. 1, for every position of J G, 

P = Gco8 aa, Q = G sin gj, 

P, = -E'sin {Gj+a + 6), Q^ = Bco8{gj+ a + 6). 

Substituting the above values of P, P^, Q, and Q^ in 
equation (5), it becomes 

G^cos <» — J^sin {go+ a + S) 

= [G sin GJ + -S^cos (a? + or + ^)] ten <p ; 
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and when gd refers to the surface of rupture, the earth- 
pressure upon AB becomes 

^ cos Gj — sin Gj tan cp ^ 

"" sin (co + a + (J) + cos (q?+ a-f- (J) tan 9? 

Substituting the value of tan q> or -y this becomes 

° ^ ^ cos (p 

J, __ ^ cos y COS Gj — sin gj s in g} ^ 

~ sin (g? -f- a + 6) cos 9? + cos (co + a + d) sin (p ' 

which becomes 

B= . /"^^ + "^^^, g- . . (7) 
sm (9> + (w + a + d) ^ ^ 

In ordei to refer to the surface of rupture, the following 
^'elation must exist : 

, (G cos CO — F sin (gj+ a + d)\ 

\G sin Qj + .^^ cof{Go -\- a-^ 6)1 _ 

Performing the differentiation indicated in the equation 
(7a), considering G and gj as the variables, it becomes 

4- [dQ C08W — sin wdw — Eco8{u-\-a-\- 8)d«l [O sin » 4 ^cos («+ o + «)] 
— [dGBlm>»-\-cosMduO-Eain(a»-{-a-{-S)dut] [Gcosw - JgsinCw-f- «-}-g)] _ 
[G ain to -\-E cos (« + a + 6)jacf« ~ 

= 0; (76) 

dividing by doo, this becomes 

^[ ^^^" -[gsinw + Jgcos(« + a+g)]] [Gsinw + JrcosCw + a + fi)] 
_ r ^^^° " 4-[G'cos«-J:8in(«4-a4-8)]l[Q'cos«-^8in(«4-a4-fi)] 

L gc a -| 

[0 8in« + £cos(« + a4-6)]a " 

= 0. (7c) 
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or 

+ ^^^ - [G^8ta« + -» cos (» + « + «)]- [G^8in«4-JErco8(« + a + 8)]« 
- ^^ "° " [G^cosw -^8in(« + a + 6)] - [(7 cos « - ^ sin (« + a + «)]« 

Ow 

[(? Sin « + ^co8(« 4- * + «)]" ~ 

= (7d 

Now, since 

cos 07 008 (G7 + a+ tf)+sin cwsin (G7 + a + tf)=cos (ec-^d) 
and sin' o? + cos' ftj = 1, 

by clearing of fractions this becomes 

Now since dG = ^k . daa . i;^, equation (7^) reduces to 
G' -2GE sin {a +6) - ^^^ ""^ <^ + '^^ + ^ = 0, (7/) 
which becomes, after dividing by GJS, 

■^-2sin (a + (y) ^ — ^ -' + -=0. (8) 

Substituting the value of ^ from equation (7), transposing 
and multiplying by two, equation (8) reduces to 

2sill(t» + a + «4-g) _ 4 Rin fa 4. «^ -4- ^ COS (t^ + «o) ^ fc^y COS fa + 5)^ (g^j 
cos(0 + ft)) ^ "^ ^"^sin((^ + w + a4-fi) a 
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whence 

a fc«YC08(a + g) .g. 

which reduces to 

^ ^ COS (t^-r**) Bin (<^ -}- « 4 ft + g) cob (a-f- g)fc«Y /g^N 

2 [8in« (♦+«-fa+«)-2 sin (a4-6)co8 (<^+«) sin (* -f«-|-*-H)H-<50B« (<^-f«)] * ^ ' 

Since 

sin (9> + a? + « + <y) = sin (<p + tt>) cos (a + 6) 
-\- cos (^ + co) sin (a + 6), 

the parenthetical portion of the denominator becomes 

sin' {(p+co) cos' {oL+d) 

+ 2 sin («+*) cos (^+(w) sin (9?+cw) cos {oc-\-S) 
+ cos' (9+G?) sin' {a-\-6) 

— 2 sin (a+tJ) cos (^+0?) sin {(p-\-Go) cos («+<?) 

— 2 sin («+*) cos (9+C0) cos ((p-\-Go) sin (a+tf) 
+ cos' (9+0?), 

or 

sin' (9+cw) cos' {oL-\-6) 

- 2 sin' (a+<y) cos' (9+G?) 

+ sin' {ot-\'d) cos' (^+(1?) + cos' (9+ft?), 

or sin' (9+0?) cos' {oc-^d) — cos' (9>+c») sin' (a-\-6) 

+ cos' (9?+cw), 

or sin' (9+<») cos' (ar+tf) + cos' {(p+oo) [1— sin' (ar+d)], 

or sin' {<p-\-Gj) cos' («+*) + cos' {(p-\-Go) cos' (a+<y), 

or cos' {oL-\-d) [sin' (9>+co) + cos* (9>+q?)], 
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which equals eoe* («-f <^')> ^>^ equation (8^) beeoiaes^ after 
dividing by cos (a+<y) and factoring, 

cos(ar+d) 2 a> \ / 



from which 

which being substituted in equation (7) gives 

^ _ g cos ( y + (») __ cos' ( (p-\- GO) h^y 
ggcosto+tf) "" cos (g+rf) "2"' 
*Vcos(9+c«?) 



(10) 




Fig. 2. 



And, since the sum of the horizontal components of Ey &, 
and R must be equal to 0, or Fig. 2, 



and 



^cos («+(J) = R cos (g?+9), 

C08(CW+^)' 
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which becomes^ after substituting the value of E from 
equation (10), 



¥y 



B = cos {(p-^-oo)—^ 



(11) 



Let ADy Fig. 2, be the natural slope of the ground. 
From C let fall the perpendicular CH, and draw CJ, mak- 
ing the angle (<y+<y) with CH ; then 

CH= *cos ((p-\-GoY AJ= ^-^ — , ' , 'k. 

^^ ' ' cos {a-\-o) 



^:^^ 




Fig. 2. 

The expression for A J is obtained in the following man- 
ner (Fig. 2) : 

CH=:kGOB{(p-\-OD)y AH:=^kBm {(p-\-G0), 

HJ : CH :: sin i^a-\-6) : cos {a+d), 

^r_ CHsm { a+^) _ cos (^+6?) sin {a+d) j^ 
'''''^ ^^ " cos(^+d) " ^s"(^+d) ^' 

An+HJ=AJ 

__ sin (^+ go) cos {a-\- 6) + cos (<p + <^) si" (^+^) ^ 

"^ pOS {OL-Y^) ' 
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which reduces to 



AJ = . r-vr kt 

COS (oc+o) * 



and hence, according to equation (9), 

G = Yi\iiG.r=y^ACJ. .... (U) 
Also, if AKis perpendicular to CJ, 

Off ^€08 {(p+GO) _ ^, 

AK " k sin {(p+Go+a+6) ~ G ' 

and if Ji is made equal to JO, then, since the perpendicu- 
lar from L upon CJ is equal to CH, 

ACJL _ CH _E 
AGJA'~' AK" G' 

or E=yAGJL (13) 

If, finally, AM=AO, 

A A GM^ ^M.GI l ^ ^ ^, ^^^ {(p+GD\ 

or R = yAAGM. (14) 



All these geometrical results may be summed up as fol- 
lows : 

Draw from the highest point C of the surface of rupture 
a line 67, which makes with the normal GH to the natu- 
ral slope the angle a-\-6, or the angle which the earth- 
pressure ma]j:e8 with the horizontal; then the AAGJ i^ 
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equal in area to the A ABC, the prism of rnpiare.. Tten 
lay off JL = JO and AM= AC and draw CL and CM\ 
then for every unit in length of the wall the following 
relations exist : 

Weight of prism of rupture, G = yACAJ\ \ 

Earth-pressure upon wall, E = yJCJL; V (14a) 

Eeaction of the surface of rupture, E = yACAM, ) 

The first two relations were first made known by Bebhahn 
in 1871, for d = or 9. 

Since, now, G : E '. R= AJ : JC : CA, . . . (15) 

it can be asserted that — 

The weight of the prism of rupture and the reactions of 
the wall and of the surface of rupture are to each other as 
the three sides of the A AC J, 

Thus far no assumption whatever has been made as to 
the value of the angle d. This is determined by equation 
(3), which, in all theories following Coulomb's method, 
does not occur. 
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n. 



PLANE EARTH-SURFACE INCUNEL 

Adopt in this case the notation of Fig. 3, and let E be 
first determined for any value of S, 



n-90°-(e+6)) 
III-90«-<o-c) 
IV-90«'-(w-|-^) 




Fia. 8. 



If -4C7is the surface of rupture, then AABC^ AACJ\ 
or, since 



AB^AC 



sin V 



or 



AB _ sin II 
AG ""sin III' 

In like manner, AJ = AO . ^rr. 

sm VI 

But since A ABC = A A CJ, 

AB . JCsin I = AJ. AC sin IV; 

sin /sin // sin /Fein V 



Bin H 
sin III • 



sin /// 



sin VI 



(16) 
(16a) 
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or, finally, 

sin («-)-«») cos (e+to) cos (a+tf) 

= sin (<p-\-oo-{-a-\-6) GOs{(p-\-oo) cos{a—e). (16J) 

Further, from Fig. 3, if BN is perpendicular U) AD, 
JADB = 2JAJ0 + AJDG, 
or AD . BN= 2AJ . CH+ JD . Off; 



and since 
and 

whence 



BW 



Off 



BO 
CJ 



OD 
JD' 



AD.OD = JD {AJ+ AD), 
AD(AD-AO) = {AD - AJ) {AJ + AD), 



AO.AJ=AJ.AD. 



(17) 




Fio. 3'. 



Upon this relation rests the well-known construction of 
Poncelet for the earth-pressurCo Draw (Fig. 3') Bli per- 
pendicular to the natural slope AD; draw BO, making the 
same angle with .SiV^ that ^ makes with the horizontal, and 
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then determine the point /so that equation (17) is ful- 
filled, that is, make AJ a mean proportional between A 
and AD ; then draw /C parallel to OB, Thus the surface 
of rupture AO \b found, and use can now be made of the 
relations already deduced in I. 

In order to determine J {A, 0, and D being given), there 
are several methods, one of which is indicated in the 
figure. In all these constructions 6 is assumed. 

Now from equation (13), E = ^y JC^ go^ {a -\- 6), 
but 

^ 1 l/JO 

CJ _ AD- AJ AD- iTIiy.A O ^ ^ " ^ AD 
BO" AD- AO'^ AD-AO AO 

^ AD 

Let n = y -ryr, thcU CJ = ^BO = r— ; , 

AD 1 — n' 1 + w 

From Fig. 3, 

^0_ pin {(p+S) AB __ sin {(p - e)^ 

AB ~ cos {a + 6Y AD "~ cos {a - ey 

and the multiplication of these equations gives 

^^^^^^±W^^^EA . . (18) 

cos (a + o) cos (a — €) ^ ' 

UAB=l, ^Q^ co8(y-^) 

COS (or + o) ' 



and by BubBtituiion ot BO and n in the vaLue for €J, a»d 
irf CJ in that Jor ^, 

_ r cog(»-a) -1« Py r co8(»-a) -]« ft«Y ,.^ 

For the special case of the earth-surface parallel to tlic 
angle of repose, €=(p, w = 0, and 

cos' i<p^a) fy ^ rcos (<^-4y) -]' hy 
cos(a+d) 2 L cosa j2cos(a+(yy^^ 

These formulae hold good for any value of S. But the 
angle d is determined by equation (3). In order to insert 
e and r in this formula, the points of ni^plication of j^and 
R must be known. The angles d and go are -connected by 
the relations in (165), in whicfh there are mo other unknown 
quantities. Since now (J, according to the single assump- 
tion of Prof. Weyrauch's theory, is independent of the 
height, 80 also is co, and then for vai'iable h equations (19) 
and (11) become 

E^C?, R = CJc\ 

dE = %Cm, dR = %CJcdJc, 

Let X and z equal the distance of tlie point of application 
of E and R from A, respectively. Now considering the 
top as the origin or centre of moments, 

E{1 -x) = 2C f'/dl, i?(* - ») = %C,J^¥dky 

and therefore x = ^l and z =^k, 

Now O must act jthrongh the centTC of gravity df the 
jdABOy and it has been already proved that the points 
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of application of E and R are at distances \l and ^k re- 
spectively above A\ hence (Fig. 3') ah = ed and hf=g=^ 
bd — ah = ik sin co — J? sin «• 

Substituting these values in equation (3) and referring to 
equation (15), 

^B(CJco8fi-^J8ina) = ^CUCc08*-^j8in«), ... (22) 

or 

sin //(sin JFcos fi — sin Fain a) = sin III (sin VI cos ^- sin Fsin «), (22a) 
or 606 (c -\- m) [oos (^ -f w) cos S — sin (^+u-f a-f-S) sin «] 

= cos (a — e) [cos (a + 6) COS * - Sin (♦ -I- « -f a -f «) sin «]. . . (226) 

By means of the two equations (16J) and (22J) the two 
unknown quantities d and (w are completely determined. 
As soon as these are known, E can be found from equation 
(19) or (20). Also by the relations in equations (16) and 
(22), or (16a) and (22^), the surface of. rupture and direc- 
tion of the earth-pressure may be determined, and can 
therefore be found by a graphical construction. 



1/4: THEORY OF THE BETAlNim-WALL. 



III. 
HORIZONTAL EARTH- SURFACE. 

For this most important practical case it is simply nec- 
essary to make f = in equation (19). The proper values 
of d and go in this case are found from (16^) and (22^). 

Making £ = in equation (22^), it becomes 

cos G7 [cos {cp +G7) COS (J — sin (^ + G7 + «f + ^) siu a] 

— cosar[cos(ar-|-d)cos<7? — siu(^-f c«?+ a+^)sinQ?J=0. 

Since 

sin {g) +G? '\- a-\-6) = sin {(p + go) cos {a + ^) 

+ cos (^ + ^) sill (or + 6)y 
cos (« + (J) = cos or cos (^ — sin a sin d, 
and sin (or + d) = sin a cos d + cos or sin d, 

the above expression becomes 

cos GO cos d cos (^ + G?) 

— cos (wsin or cos a cos c^sin {cp -\- go) 

+ COS (ijsiu'arsin (J sin (9>+ g?) 

— cos G7 sin a cos a sin (J cos (^ + g?) 

— cos G? sin' a cos d cos (^ + go) 

— cos or cos (p cos (or + 6) 
+ cos' flf sin G7C0S d sin (^ -f go) 

— cos or sin go sin ar sin d sin (9> + g?) 
+ cos* a sin o? sin tf cos {(p-{- go) 

+COS or sin go sin o^ cos (J cos (^ + g?) 



1. =0, 
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which reduces to 

cos cw cos (^ + ^) cos d ^ 

— sin a cos a [sin {(p + gj) cos q? — cos {(p + gj) sin o?] cos d 

— sin « cos a[cos(9 + (»)cosG7+sin(9+ c«?)sinc«?] siuc^ 
+ [siii'a'sin (^ + co) cos c»+ cos'a cos {(p+oo) sin (»] sin (J 
4" [cosV sin {(p + 0?) sin co — BUY'a cos {(p-{-a)) cos (»] cos 6 

— cos" or cos 9 cos (J + sin a cos or cos (p sin tf 
= (226) 

The expression in the first parenthesis is equal to sin (p, 
in the second to cos (p. If in the third cos' a=l — sin* a, 
and in the fourth sin' or = 1 — cos" a, equation (226') be- 
comes 

+ cos GJ cos {q) + cj?) cos ^ — sin or cos a cos S sin (p 

— sin a cos or sin d cos ^ 
+ sin <y sin'flf sin (^-|-cy) cos (w-f-sin d sin c«?cos (^+cw) 

— sin'a sin go sin d cos (^ + cj;) 1^ =0. 
+ cos^cos*flfsin(^+cj?)sin g7— cos(Jcoscb?cos(^+cw) 
+ cos' a cos d cos g? cos {(p + cw) 

— cos* or cos ^ cos ^ + sin a cos a cos 9> sin <t 

Eeducing and dividing by cos S, 

— sin a cos a sin 9? + sin' a cos a? sin (9 + go) tan (J 

+ sin CO cos (^ + go) tan (^ 

— sin' a sin (» cos (9 + co) tan (^ 1^ = 0. 

+ cos' a sin (» sin {(p + g?) 
+ cos' a cos (» cos (^ + (») — cos' a cos 9? 



Since 



cos CO sin (9> + ft?) — sin go cos (9> -[- co) = sin <p 
2 
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and 

sin GO sin (9? + ^) + cos co cos (9? + ^) = 00s 9, 

this reduces to 

— sin df cos a sin ^ + sin' a sin q) tan S 
+ sin 07 cos ((p + G?) tan d = 0; 

and since 

cos (^ + cw) sin G7 = ^ sin (2(» + ^) — i sin ^, 

this becomes 

, « 2sin or cos a sin m 

tan tf = jr-T-5 : 1 :-7;r r^-^r : ; 

2sin or sin 9> 4- sin (20? + 9>) — sm 9 
and since 

sin or cos or = i sin 2a and 1—2 sin* a = cos 2a, 

this reduces to 

. ^ sin ^ sin 2a ,^^. 

tan <J = -: — j^ j-^-T ; ^-. . (23) 

sin (2(w + ^) — sin ^ cos 2a ^ ^ 

This equation, therefore, expresses the condition that 
the " sum of the moments of E, (?, and R is zero.'^ 

Substituting -r for tan S in equation (23), clearing 

of fractions and factoring, 

sin d sin {2oo + 91) — sin d sin ^ cos 2a = sin (p cos ^ sin 2a, 
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or 
sin 6 sin (2(» + 9>) = sin q) cos d sin 2ar + sin q) sin <? cos 2ar. 

Since cos <y sin 2a + sin d cos 2a = sin (2a + d)y 

this becomes 

sin d sin (2(» + ^) = sin (p sin (2a + (J). . (24) 

In order to determine go it is only necessary to make £ = 
in equation (165) express sin (9> + cw + a + cJ) in terms of 
sin and cos {q> + go) and {a -\-6), and then the sin and cos 
of {a + d) in terms of the sin and cos of a and d. Mak- 
ing « = in equation (16 J), it becomes 

sin {a + cw) cos (or + 6) cos g> 

= sin (^ + ^ + ^ + ^) [cos {q) + ^) cos a], (24a) 

Since 

sin (^ + (w +a + <y) = sin (9? + gd) cos (or + (J) 

+ cos {q) + G?) sin (a + (J) 
sin {a -\- 6) = sin a cos (J + co6 a sin tf 
cos (a + <y) = cos a cos <y — sin a sin (J; 

hence ' 

sin (^ + 0? + a 4- d) = sin (9? + go) cos a cos (J 

— sin (q) + cd) sin a sin <? 
+ cos (^ + (w) sin a cos (^ 

-J- cos {q} + (w) cos a sin (J, 
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and eqaation (24a) reduces to 

cos GO sin (a +(w) cos a cos (J 

— cos GO sin {a + go) sin a sin 6 

— cos' a cos (9> + G?) sin {q) + fi^) cos d 

+ cos a cos {(p + f») sin (^ + go) sin or sin d 

— cos or cos' (9>+ G?)sin acos6 

— cos' or cos' {(p + go) sin d 



^ = 0. (24^) 



Dividing by cos c^, 

cos a cos G7 sin {a-\-Go) 

~ cos G? sin a sin(a + cw) tan d 

— cos' a cos {(p + (w) sin (^ -}" ^) 

+ cos a sin or cos {(p + (w) sin {q} -}" ^) ^^^ <^ 

— cos a sin a cos' {<p + g?) 
— • cos' a cos' (^ + (w) tan 6 



= 0. (24c) 



Mnce 



cos a cos cw sin (a + go) equals, by expanding sin (a + co), 
sin a cos a cos' cw + sin g? cos go cos' or, and likewise 



— cos GO sin a sin (a +- g?) tan d = — cos' a? sin' a tan (J 

— cos a sin a cos g? sin go tan (J, 

equation (24c) becomes 

— sin or cos a [cos' {(p-{- go) — cos' g?] 
—cos' a [sin (9>4-g?) cos (^ + c^) — sin g?cos go'] 

— [cos' a cos' (9> + G?) + sin' a cos' go] tan (J ^ = 0. (24^) 
+ sin a cos a [sin (9> + g?) cos {<p + go) 

.'— sin GO cos G?] tan <y . 
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Now 



cos' (9 + ^) — cos' GO = ^^—-^ — jf , 

/0 



which equals 



2 sin i [2cj — (2y + 2g?)] sin j [2&7 + (29? + 2ft?)] 
2 

_ 2 sin (— 9>) sin (2fi7 + 9^) 



or 



and 



— sin (2(1? + ^) sin ^, 



sin (^ + G?) cos (9? -f- G?) — sin g? cos go 

= i sin 2(^ + fi?) — i sin 2(» ; 

ulso^ 

sin 2a , , cos 2a . , 
sm a cos a = — - — , and cos a = — f- ^. 

Hence, after multiplying by 2, equation (24rf) reduces to 

sin 2a sin (2(w + q)) sin 9? 
— cos 2a i sin 2{q) -{- go) -\- cos 2a ^ sin 2 (w 

— i sin 2(9> + ft?) + i sin 2ft7 

— tan <y cos 2a cos' (^+ft7)— cos' (^+ft?) tan (J I = 0. (24e) 

— 2 tan d sin' a cos' ft? 

+ sin 2a sin {(p + go) cos (^ + ft?) tan 6 

— sin 2a sin oo cos ft? tan 6 
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Now 

— 2 tan dsin* a cos' a? = [since sin' a = 1 — cos' a] 

•— [cos* GO — cos' a.cos' a?] 2 tan d, 

which equals 

— 2 cos' ft? tan (? ^ + 2 tan d cos'a cos' cw. 
Also, 

cos 2Qf sin 2(y + Q^) , cos 2asin2ft9 



2 ' 2 

= — cos 2 



and 



r sin 2(<z> + (w) — sin 2fi7"| 

''L a J 

_ cos 2a[2 sin ^ cos (2ft:> + 9^)] 
= — cos Ha cos (2&7 + ^) S'n <y?, 



sin 2(^ + ^) I sin 2fi7 _ sin 2(<p -\- go) — sin 2cg 
2 ' 2"' " 2 



_ __ 2 sin i (2<p + 2ft? — 2ft?) cos | (2<p+ 2ft? + 2ft?) 
■" 2 

= — sin q) cos (2ft? + <p), 

and 

— tan 6 cos 2a cos' (^ + cw) + 2 tan d cos* or cos' g? 

L , . » cos 2ar , , \ 
:;= I by making cos' a = — f- f I 

— tan d cos 2a [cos' (^ -|- ft?) — cos' ft?] + tan d cos' a?, 
or tan d cos 2a pin (2ft? + <p) sin ®+ tand oos' ft?. 



<r L,. l "-i '.... I U -■^'■ ■ E ' " ' .I ■ ■ ^■. i -L J ".. I 
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Also, 



Also, 



— cos' (^ + co) tan d + tan d cos" as 
= — tail d [cos" (q)-\' go) — cos' (»] 
= sin (p Pin (2gj -f- ^) tan c^. 



tan d sin 2a sin (9? + go) cos (^ + go) 
— sin 2a sin go cos a? tan <^ 
= tan 6 sin 2a [sin {<p -\- go) cos {<p + a?) —sin cw cos go] 



= tan <y sin 2a 



sin 2{(p -\- go) — sin 2co 



= tan S sin 2a sin <p cos (2go 4- <y>); 
and hence equation (24e) becomes 



] 



+ sin (p [sin (2ol>+^) sin 2a— cos (2c»+^)cos 2a] 

— sin (p cos (2fi7 + (p) 
+ sin ^ [sin {2go + ^) cos 2a 

+ cos (2 G0+ (p) sin 2a] tan d 
+ sin ^ [sin {2go -\- (p) tan 6] —2 cos' a? tan (J 



=0,(24/) 



and 



tan 8 = 



sin jt [sin (3m -|- ^) sin ga — cos (2ft> + <^) cos %a\ — sin <^ cos (aai + ^) 
2 cos^ b»-sin «^ [sin (2«»-H>) cos 2a-(-cos (2t>>-|-^) sin 2a] - sin «^ sin (2u-)-^)' 



By making sin 2a = 2 sin a cos a and cos 2a = 1 — 2 sin' a 
in the numerator, and cos 2a =2 cos a cos a— 1 and sin 
2a =2 sin a cos a in the denominator, this becomes 

tan 5 = 

sin 4> [sin (2ftHHfi) 2 sin a cos a—cos (2ft>-f-^) + cos (2w+<^) 2sin« a] - sin ^ cos (2 fc)-H>) 

2cos««-8in<^[8in(aw-K)2cosaa-sin(2»4^)-|-cos(2a>-H^)2sina cos a] -sm<^ sin(2ft»4-^)* 



or 



tand = 



2 sin 4> Bin a [sin (ga-H) cos a-fco8 (gw-f-<fr) sin a] — 2 sin ^ cos (2ft>-f ^) 
2 cos' w — 2 sin ^ cos a [sin (2» H-^) cos a-f-cos (2» + ^) sin a] » 
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which reduces to 

tail d = 

sin q) sin a sin (2c» '\- q) -\- a) — si n cp cos (2 &? + (p) . 

cos'' (w — sin ^ cos a sin (/ifi? + ^ + ^) * \ y) 

Equating this value of tan d with that in equation (23), 

sin q) sin a sin (2g? -f- ^ + ^) — sin ^ cos (2g9 + ^) 
cos'* GO — sill 9:/ cos a sin (2g? + 9^ + ^) 
_ sin (psin 2ar 

"~ sill (2cy + ^) ~ ^i*i ^ ^^s 2a: * 

Dividing by sin (p, clearing of fractions and dividing by 
sin a, also transposing, this becomes 

sin (2cy -\- q) -\- a) sin (2g? + ^) 

. /« . . X • « sin 2a 
— sm (2c» -j- ^ + ^) siu 9:/ cos 2a -. cos' co 



sin a 

I sin 2ar • /« , , \ • 

H — : cos a sin (2g? + <z? + a) sm a> 

sin a ^ 17-./ 7- 

cos (2g? + 9^) [sin (2g? + ^) — sin ^ cos 2a] 
sin a 



1^ = 0, 



or 



sin (2a? -\- q) -\- a) sin (2g? + ^) 

— sin ^ cos 2a sin (2c» -|- ^ +^) — ^ cos a cos' g? 

+ sin q) 2 cos'' a sin {'loo -\- q) -{- a) 

cos (2c» + q)) fsin (2a? + ^) — sin q) cos 2a] 
sin a 



= 0. 



Since 



2 cos" a — cos 2a = 1 , 
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this becomes 

sin (2(» + 9> + a) [sin (2a? + 9>) + sin tp] 

- 2 cos a cos' (w — Z> = 0, 

in which 

n — ^^^ ( 2q?+ 9^) [sill (2fi7 + 9>) — sin ^ cos 2a] 
sin a 
or 

sin (2(»+^+af)[2sin (c»+^) cosg?]— 2cos a cos'o?— />= 0, 

or 

sin {2oa-{-<p+a) sin ((»+^) — cos a cos oj— ^ =0.(25) 

The formnlae for go, d, and E can now be found in the 
simplest manner. Equation (25) is satisfied for 2(»+9>=90°. 
Hence, 

c»=45°-^ (26) 

Substituting this value in equation (23), it becomes 

sin (p sin 2a 



tan<y = -T 



sin (90—^+^) — sin (p cos 2a 
__ sin (p sin 2a 



1 — -sin tp cos 2a* 



(27) 



or the equivalent, but more convenient expression for cal- 
culation^ 

Un{d+a)=—J^- .. . . . (28) 
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If, finally, cw = 45° — ^ inequation (10), it becomes, re- 
membering that k^ = 



cos (W 



C08'(9» + 45°-|) 



B=^-^ ^ *> 



«"^(" + *> 2 cos' (450- I) 

s'(45°+|) 



COS" ,^^ r ..1 7, 



cos' (45° -I) 2co8(« + <y) 

^ sin' [90° -(45°+.!)] ,,^ 

cos' (45° -I) 2 cos (« + *)' 



hence ^= tan' (45° -|) 5 r^-r^v • • • (29) 

\ 2/2 cos (or + (J) 

or, from equation (28), 



^=_^ A^. (29a) 

Sin (or + <^) 2 . ^ ' 

This last expression, however, when a = takes the in- 
determinate form — . 

The earth-pressnre upon a portion of the wall reaching 
from the depth A, to the depth 5" == A, -|- Aj may be found 
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from equation (29) by substitating H^ — h^ in place of V, 
as is evident from the following: 

Era 

Suppose the wall to have a height jET, then E^ = C^-^y^ 
and likewise for a height h^ 

E, = C,^y.-.E = E,-E, = C, ?-=^\, . ' . (395) 



C^ representing the constant quantity. 

From equation (29^) B= C{H^ — V); hence dB = 
^CHdH — 2Ch^dh^. Now let x equal the distance of the 
centre of pressure below the top of the wall, then 

Ex=wf^ B^dH- %C fKdh, 

or €{H^ - K)x = \CH' - |CV, 

_ 2 IP - A/ 

and if y = the distance from bottom, 

y^i w^^ ^^^^ 

Equation (30) holds good when the earth-snrface is 
loaded and the loading is equal to a distributed load of the 

height Ao. Still, even then, Ji^ is often so small that - can 

o 

be substituted for it just as for unloaded earth-surface. 

In all cases 6 is determined by equation (28), 
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Instead of using equations (28) and (29), the following 
simple construction can be used : 
X E a c 'it_ 




Fio. 4. 

Draw (Fig. ^) AC and ^Z> vertically and horizontally, 

each equal to A, also DF making the angle FDG = 45° — ^ 

with the horizontal. Through the points D and jP describe 

a circle whose centre lies in AD. Then draw 6^-0" parallel 

to AB, and through A the straight line ITJ, Then JG is 

the direction of the earth-pressure upon the wall AB. If 

AK 18 made perpendicular to AB, and equal to AH, then 

the AABK gives the intensity and distribution of the 

earth-pressure, or 

E-yAABK. 

The proof of this construction is as follows : Conceive, in 
Fig. 4, JD and FQ drawn, then 

A 0^08 a 

— -• 



AP 
tan AHG = p^ = EG ^{AG^ma^PGY 



in which AP represents the perpendicular let fall from A 
upon GH. 
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but AG : AF :: AF : AD=h, 

If^ 

therefore AG = -^ =h tan' ^45° - ^V 

Now 

HG = GDsm a = {AG + AD) sin a 

= h sin a -{- h tan^ (45° — -^j sin a; 
tan ^i/^ff = 

h tan' (45° — -^ 1 cos a 

A sin a + h tan' ^45° - |) sin or - A tan' ^45° - |) sin a 

therefore 

tan ^ir« = ^^ tan' f45° - ?) = cot a tan' f45° - ^V 
sin or \ 2/ \ 2 J 

From Fig. 4, < ffZ>/ =<AHG,< GDJ+ <JGD = 90°, 
and therefore 

tan JGD = cot AHG =z tan a cot 'f 45° - |] = tan (a+d), 

or <JGD is the angle of the earth-pressure to the horizon. 
Since, now, <^ //(; = 90° - a - d, 

. ^j. cos or . -y 7. J. a /^Ko ^\ cos or 

JZr= 7 — ^^(? = A tan' (45° — -%] 7 — — ;t7, 

cos (or + (J) \ 2/ cos (a + 6) 

and 

Hfl^ . ^^ = tan' f45° - ^] ^—r = ^. 
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For a vertical wall the construction becomes much sim- 
pler. Draw, in Fig. 5, AD =^h horizontally, then DF 

making the angle 45° — ^ with AD. Draw through D and 

^a circle with centre in DA and continue it around to K- 



C B 




Fia. 6. 

then thQ/iABKg\yQs the intensity and distribution of the 
earth-pressure, while in direction it is horizontal. 

Hence E=y A ABE. 

The proof is as follows (Fig. 5) : 



^^ = -AD = 



A' tan' (45°- I) 
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As a = 0, equation (28) gives tan (J = 0; . • . (J = and E 
act normal to the surface of the wall. 




Fio. 6. 

Finally, in Fig. 6 is the construction for loaded earth- 
snrface. The point of application of the earth-pressure is 
always found by drawing through the centre of gravity of 
JABK a parallel to AK and producing it to meet the 
wall. The proof for this construction is the same as that 
for Fig. 4. 
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IV. 
EARTH SURFACE PARALLEL TO SURFACE OF REPOSE. 

£ = 9. 
For this case, 

C08'(y- flr)ZV^ r co8(y-an ' li^y /2o\ 

cos (a -f tf) 2 L cos a J 2 cos {a + 6)' ^ ^ 

a formula which holds good for all values of d, and which 
for (J = or 9? gives results usually accepted in previous 
theories of retaining-walls. In order to find the proper 
values of d and c», equations (16^) and (22^) must bo 
used. 

In equation (22^) replace sin (9? + g? + ^ + <^) ^J sin 
((p4- G? + a) cos <y + cos {(p -\- 03 -\- a) sin d^ and making 
£ =<^ it becomes 

+ cos ((p + go) cos (9> + ^) cos <y \ 

— cos (^ + go) sin (9> + G? + a) cos (J sin a >- = 
— cos {<p + <w) cos (^ + G? + ^) sin (J sin a ) 

+ cos (a — 9>) cos {a + (J) cos (p 

— cos (a — q)) sin (^+074-0') sin g? cos S 
— cos (a — (p) cos (^ -|- G? -[- ^) sin S sin g? ; 



AEQLE € = ANGLE (p. 91 

dividing by cos d and transposing, 

cos {a — q)) cos (a + <^) cos qf "^ 

cos d I 

+ cos (a — qj) sin {cp + go + a) sm a) V == 
+ cos {q} + GJ) cos (q) + G?) 

— cos {q} + G?) sin (^ + ft? + a) sin ^ ^ 

+ cos (q) + (i?) cos (q} + G}+ a) sin a 

sin tf . 



cos (a — (2>) cos (g> + o? +a) ^ sin go. 



Since 



__ C08(a - <^) COS (a4-^) C08<^ _ __ COS (a — ^) COS ^ (c OS a COS < — SJn tt SJn g ) 

COS 6 ~" COS fi 

= — COS (a - ^) COS ^ COS a -f COS (a — ^) sin a r COS ^, 

coso 

the above expression reduces to . 

tan 5 = 

cos a cos(a— <^> COS <fr — COS a COS (^ -f«)co8 (^-f«+ *) - cos(a — ^) sin u si ii(<H-**4-<») 

sin a cos (a — ^) COS <>— sin a C08(<>+ ") C08(<fr -Ha+a) 4- C08(a— <>) siu a> COs(4»+<0 -|-o) 

and this equation fulfils the condition that the sum of the 
moments of G, E, and R shall he zero. 

If equation (16^) is treated in a like manner, the result- 
ing equation will fulfil the condition that the sum of the 
forces parallel to the surface of rupture shall equal zero. 
Making £ = ^ in equation (166), it reduces to 

sin {a + go) cos {q} + go) cos (a + d) 

— sin (^ + a + G^ + <^) cos {q) + go) cos {a — q}) = 0, 
9 
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or 

sin (a + gd) cos {a + 6) —sin (^ + a? + a) cos (a— 9?) cos (J 
— cos (9? + G? + ^) cos (a — (p) sin d = 0, 
or 

sin {a + Q?) cos or cos d sin (or + <«?) sin or sin (J 

cos d cos d 

• / . . \ / \ cos(fl?+aL>+a)cos(af— <z?)sin(J ^ 
s,n(9>+(»+a)cos(a-9>) \^i^:iLjr_j_\ ^ ^q. 

therefore 

« _ cos a sin (or + g?) — sin ( (p + <*^ + ^) cos (or — (p) 
"" sin (or + go) sin a -\- cos (^ + g? -\-a) cos (a — ^)* 

Setting both values of tan 6 equal to each other and clear- 
ing of fractions, the following expression is obtained: 

+ cos a cos (p sin a sin {go -\- a) cos (a — q}) 

— cos a sin or sin {go -\- a) cos {go -\- (p) cos (g? -|- ^ -|- or) 

— sin G?sin a sin {go + «) cos (or — q)) sin (^ + ^ + ^) 
+ cos a cos ^ cos {a — <p) cos (^ + g? -|- a) cos {a — q>) 

— cos a cos (^ + ^) cos" (^ + g? -f ^) cos (or — q)) 

— sin G? cos* {a — ^) sin (^ + g? + a) cos (^ + a? + a) 

for the first member of the equation, and 

• 
+ cos a cos q) sin a sin (g? -f a) cos (or + q>) 

— sin or cos a sin (g? + a) cos {go -\ — ) cos {q> -{- go -{- a) 
+ sin GO cos a sin (g? + a) cos (or — ^) cos {q) -{- go -{- a) 

— sin £r cos q) cos' (or — q)) sin (^ + g? + a) 

+ sinor cos(^+^) cos(^+G7+ar)cos(af— (p) 8in(9?+G?+a) 

— sin GO cos' {a — ^) cos (^ + ^ + ^) sin (9 + g? + a) 

for the second n^emb^rf 
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The first terms, second terms, and sixth terms cancel. 
Di?ide the equation by cos {a — <p). Terms number 3 
combined give 

— sin w sin («+a) [sin aBin(^ + « + «)+co8a oos (^ + •+«)], 

which becomes 

— sin GJ sin (g? + a) cos (^ + gj). 
Terms number 5 combined give 

— cos (^ 4-») cos (<fr 4- w 4- a) [cos a COS (<fr + w+a) 4-8ln a sin (^ +•+ a)], 

which becomes 

— cos (9> + ft? -f a) cos (9 + co) cos {(p + qj). 
Terms number 4 combined give 

+ cos ^ cos (a—(p) [cos a cos ((p -\- 00 -\- a) -\- sin asin (^ -f 0^ + ^)]. 

which becomes 

+ cos (p cos (a — ^) cos (9> + go), 

and hence, after dividing by cos {(p + g?), the equation 
above reduces to 

cos (a—g)) cos ^— cos (g}-\-a)-{-a) cos ((p-\-(M))—Bin (<»+«) sin (»=0, (81) 

and this equation is fulfilled for 

Gj = 90°-9> (32) 

In order to find that value of d which satisfies all condi- 
tions of equilibrium, substitute the above value of gd in the 

first expression for tan d and obtain -. If, according to 
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the method for discussing indeterminate fractions, the 
first differentials of the numerator and denominator and 
their ratio are found, and go made equal to 90° — (p, tlie 
viihie of tan 6 will be found. 
The differential of the numerator is 

rf[— cos a cos (<p-\-Go) cos (q>^(M>-\-a)— cos ((x^<p) sin go sin (9)-|-g'+^)]» 

which equals 

+ cos a cos {(p-\- GO-^- a) .-in (^ + g?) ' 
+ cos a cos {(p -\- G?) sin [g)-\- go-\- a) 

— cos {a — <p) sin {(p-^-co + a) cos co 

— cos {a — q>) sin co cos (^ -|- a? -f- ^) ^ 



> dotf. 



Substituting for co, 90° — ^, this becomes 

f + cosacos((??+ 90°- (??-hfl')sin( ^-[-90°-^) ^ 

+ cos£y cos((??+90°- (p) sin (^+ 90°-^ + rr) 

— cos {a — (p) sin (^ +90° — ^ + a) cos (90°— ^) 

+ cos(a'-^)sin(90°- ^) cos (^ + 90°-^+ a) 



(loo. 



As the second term reduces to zero, this becomes 

[cos a sin a —cos (a — ^) cos a sin ^ + cos (a — <p) cos ^ sin a] rfco, 

or 

— cos {a —<p) (cos a sin ^— cos tp sin a) Uo?, 



or 



— cos {a— <p) sin {cp— a) maa 



AN&LB £ = ANGLi! q>. 
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ot 



[■ 



2 sin i(2y— 2a + 2a) cos |(2^ — 2a — 2a) 
2 



Je?(w, 



which equals sin (pcos{(p — 2a) da). 

The differential of the denominator is 



^+ sin ^ cos {^-\- GO -{- a) sin {(p-{- gd) ^ 
4- sin a cos (^ + go) sin (^+ a? + a) 
+ cos {a —cp) cos {q) -\- GO -\-a) cos g? 
+ cos {a — cp) sin go sin (9?+ g? + <*) ^ 



rfco. 



Substituting 90° — (p for go, and this becomes 

[sin a sill a + cos (a — q)) sin a sin q>-\-cos{a — ^)cos ^ cos a] rfco, 

or 

[sin' a + cos (or —q>) (sin 9> sin a + cos q) cos ar)]t?G7, 

or 

[1 — cos' a + cos (or — <p) cos {a — q})'\dGO 

n cos 2a 1 . cos2(ar — <z?) . 11, 
= L^ 2--2+ 3 +2-T'^' 

or [1 — sin q> sin (^ —2a)'\dG0'y 

therefore 

^^^^ smycos(y-2« ) ^ ^ 

1 — Sin ^sin (^ — 2a) ^ ' 



To find an expression for the sin d, clear equation (33) 
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of fractions and deduce tan d — tan 6 sin ^ sin {(p — 2^) 
= sin 9? cos (^ — 2a), Multiplying by cos (J, 

sin (J — sin d sin <p sin {tp— 2a) = sin (p cos (9?— 2a) eos S, 

or 

sin tf = sin ^ [sin d sin (9>— 2a) + cos {<p — 2a) cos S]; 

therefore 

sin d = sin ^ cos (2a — tp -\- 6), . • (34) 

from which the results of III. can be tleduced. 

If the earth-surface is parallel to the surface of repose^ 
or makes the angle tp with the horizontal, then, under the 
assumption of a plane surface of rupture, 6 = ^only when 
the wall is vertical (make a = in equation (33), then 
tan d = tan tp; r , 6= cp), and 6 = only when the angle 

of the wall with the Tertical a = 45° + -^. 

As it is often more convenient in determining the direc- 
tion of the earth-pressure to know the angle {a'\- S) oi E 
with the horizon, tan (a + d) may be expressed in terms of 
tan a and tan d, remembering that 

cos a — sin 9> sin (9? — a) = cos (p cos {cp — a), 

and hence 

, , , ^. sin a + sin <p cos (a?— a) ... . 

tan (a -f tf ) = ^ ^21^ — ^. . (34^) 

^ cos (p cos ((p — a) ^ ' 

With reference to a limited portion of wall which does 
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tiot reach as far as the surface, and with reference to 
loaded earth-surface, the same remarks hold good as in III. 

Instead of formulae (20) and (33) or (34), the following 
construction may be used : 

Draw through A, Fig. 7, a parallel to the earth-surface. 



T" V^^"""' 




and with ^(7 as a radius describe the circle ADO. Draw 
DF horizontal and Off parallel to A By and then the 
straight Vine BFJ. Then the direction of the earth-pressure 
IS OJ; and if ^^is made perpendicular to AB and equal 
to HF, E = yAABKy and the triangle gives the distribu- 
tion of the pressure. The point of application is found 
by drawing through the centre of gravity of the triangle a 
perpendicular to-^^. 
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The proof of this construction is as follows : 
Conceive ED drawn, and its intersection with OJ to be 
at L. Then from the notation of Fig. 3, where e = 9?, 

FD = AD cos (p, HD = 2 AD cos (9? — a). 

Since, no-.v, <JLD = <JHD + (p ^ oty'b'j expressing 
tan JLD by tan of JHD and (p ^ a, after reducing, 

tan JLD = eos y sin (-^a-y) + .m2(y -er) 
1 4- cos 2{(p — CK) — cos 9> cos (''ia — ^) 

or 

sin ^ cos (<^ — 2a') 

tan c7LZ> = -— ; — — -^-^7 ^. = tan d. 

1 + sin ^ sin (<p — *Za) 

Since HD is perpendicular to^^, the earth-pressure has 
the direction GJ. Further, 



y-y.^ FD sin a sin a cos m ^ ^ 

sin (a -f- o — 9^) sin {a -}- o — q)) 

AD = - — -^ -, or, with reference to the value of FD. 

cos (p 

A AT^Tj- cos {(p — a)smar _ . . . . 

AABK -= ; — ; — ^ r 77, and since from equation 

sin (a + o — ^) 2 ^ 

(34) sin (or -f d — 9?) cos (9? — q') = sin a cos (a + <y), 
cos (or + o) 2 ;^ 
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RECAPITULATION OF FORMULA. 
Inclined earth-surface, plane : 



^^^^ ^u.{cp + S)m.(cp- A . . . (18) 
^ COS (a + o) CQJB {a — e) ^ ^ 

The tau 6 deduced from formulaB (22^) and {IGb): 

« _ sin (2^ — ~" ^sin 2{a — f) 
"" if — cos (2a — €) + K cos 2{a — €)' 

in which 



^ cos f — r cos'* € — cos' ^ 
cos <p 

^ r cos {(p - ^) -1' AV 

L(/i + 1) cos a_\ 2 cos (or + dj* • ' ^ ^ 

Earth-surface parallel to natural slope : 

f= cp; 

L cos or J2cos(«+o) 
G? = 90° - ^ ; (32) 

cos ^ cos (^ — or) "^ ' 

tan d = 8'P y <^Q8 (y - ^^) ,33x 

1 — sin ^ sin {q? — 2a) ^ ^ 
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Horizontal earth-surface: 

a> = 45°-|;. ......... (26) 

^ sin G? sin 2a ,^-,v 

tan <y = T^ — ; , (27) 

1 — sin 9> cos 2ar ^ ' 

tan' (45° -f) 

^ = tan' (45°-!)^-^^;. . . (29) 

^=_^ .^r (29,) 

siu (a + A) 3 ^ 

If or = 0, then rf = 0, and 

J? = tan' (45°- I) ^. (29d) 

If « = (45° -^ = 00, then * = 9>, and 

tan (45° -f) „ 
j? = ^ ^1 ^'y (29e) 

sin («• + !) ■' 



If the surface is loaded, substitute H^ + ^" for A% or con- 
sider h to be the height of the earth increased by the 
height of an amount of earth weighing as much as the 
applied load. 
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NOMENCLATURE. 

Height of wall H 

Thickness at base }> 

Thickness at top V 

Batter in inches per foot of if on front face. . . d 

Weight per cubic foot W 

Total weight of wall G 

Angle of repose of earth q} 

Angle made by surface of rupture with vertical g? 

Weight of cubic foot of earth y 

Total thrust of earth against wall E 

Angle made with the horizontal by the surface 

of the earth e 

Angle made by rear face of wall with the ver- 
tical a 

Angle made with normal by j^. S 

Dist. of point where the resultant pressure cuts 

the base from the front edge of the wall . . q 
The resultant pressure due to E and G R 



NOTE. 



For the translation of Prof. Weyrauch's paper the 
writer is indebted to the labor of Prof. A. J. Du Bois, of 
the Sheffield Scientific School, Yale College, who had 
copies printed by the electric-pen process. However, 
only the leading equations of Prof. Weyrauch were given ; 
hence a great deal of labor has been devoted to expanding, 
verifying, and filling in the intermediate steps of the 
work, and this nucleus of the mathematical part alone 
has grown to about double the original quantity. 

M. A. 11. 
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TABLES. 



Table I contains the crushing-strengths and the average 
weights of stone likely to be used in the construction of 
retaining- walls and foundations; also the average weights 
of different earths. 

Table II contains the coeflficients of friction, limiting 
angles of friction, and the reciprocals of the coefficients of 
friction for various substances. 

Tables III, I F, and V contain the values of the coeffi- 
cients [see equation (1')] (B), {C), {D) and (^), where 

^cos^eO, .^. (C08(e-a))' 

^ ' cos' or cos € ^ ^ ^ ^ ( cos e ) 

J / Ti\ rt • • cos (e — a) 

and iE) = 2 sin or sm e ^ '-. 

^ ' cos € 

The tables were computed with a Thacher calculating in- 
strument and checked by means of diagrams. It is believed 
that they are correct to the second place of decimals; an 
error in the third place of decimals does not affect the re- 
sults for practical purposes. 

Table VI contains the natural sines, cosines and tan- 
gents. 
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TABLE I. 

VALUES OP W, 



Name of Substance. 



Alabaster 

Brick, best pressed . . 

" common hard. 

•' soft inferior. . 

Chalk 

Cement, loose 

Flint 

Feldspar 

Granite 

Gneiss 

Greenstone, trap 

Hornblende, black . . 



Limestones and Marbles, ordinary. 

Mortcir, hardened 

Quartz, common 

Sandstone 

Shales 

Slate 

Soapstone 



Crushing: 
Lds. in tons 
per sq. ft. 



40 to 800 



20 to 30 



800 to 1200 



250 to 1000 



150 to 550 

400 to 800 



Averapre 

weiprht in lbs. 

per cu. ft. 



144 
150 
125 
100 
150 
49. 6 to 102 
162 
166 
170 
168 
187 
203 
j 164.4 
jlfiS 
103 
165 
151 
162 
175 
170 



VALUES OP y. 



Name of Substance. 



Earth, common loam, loose 

" ** *' shaken 

'* " *• rammed moderately 

Gravel 

Sand 

Soft flowing mud 

Sand perfectly wet 



Average 

weight in lbs. 

per cu. ft. 



72 to 80 
82 



90 

90 

90 

104 

118 



100 
106 
106 
120 
129 



Ta^lM 



HI 



TABLE II. 

* AKOLBS AND COEFFICIENTS OF FBICTION. 



Dry masonry and brickwork 
Masonry and biickwork 

with damp mortar 

Timber on stone 

Iron on stone 

Timber on timber 

Timber on metals 

Metals on metals 

Masonry on dry clay 

" " moist clay... 

Earth on earth 

Earth on earth, dry sand, 

clay, and mixed earth. . . . 
Earth on earth, damp clay . 
Earth on earth, wet clay. . 
Earth on earth, shingle and 

gravel 



tan ^. 



0.6to0.7 

0.74 
about 0.4 
0.7 toO.8 
0.5 "0.2 
0.6 "0.2 
0.25 "0.15 

0.51 

0.33 
0.25 to 1.0 

0.38 **0.75 
1.0 
0.31 

0.81 



3r to 35° 



22* 
35** toior 

26i° " nv 
sv " iir 

14° •* 8i° 
27° 
18i° 
14° to 45° 

21° " 37° 
45° 
17° 

39° to 48° 



1 
tan 4^ 



1.67tol.43 

1.35 

2.5 
1.43 to 3.33 

2 ''5 
1.67 "5 

4 "6.67 

1.96 

3. 

4tol 

2.63" 1.33 
1 
3.23 

1.23 to 0.9 



* From Rankine's Applied Mechanics. 
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TABIDS. 



TABLE III. 



c 


a = 5» 


a = 6«» 


a = r» 


a = bo 


a = 9« 


1 {B) 


(B) 


iB) 


iB) 


{B) 





1.004 


1.0U5 


1.007 


1.010 


1.012 


5 


1.012 


1.015 


1.018 


1.022 


1.026 


10 


1.019 


1.024 


1.029 


1.035 


1.040 


15 


1.027 


1.034 


1.041 


1.048 


1.055 


20 


1.036 


1.044 


1.052 


1.002 


1.071 


25 


1.045 


1.055 


1.065 


1.076 


1.088 


80 


1.055 


1.066 


1.079 


1.092 


1.105 


35 


1.065 


1.079 


1.094 


1.109 


1.124 


40 


1.078 


1.094 


1.111 


1.129 


1.147 


45 


1.093 


1 111 


1.131 


1.152 


1.173 




(C) 


iC) 


(C) 


(C) 


(0) 




0.008 


O.OIT 


0.015 


0.019 


0.0-44 



TABLE IV. 



e 


a = 6» 


a = 6<» 


a = 7° 


a = 8° 


a = 9« 




(O) 


(D) 


{D) 


{D) 


kD) 





0.992 


989 


0.985 


0.981 


0.976 


5 


1.008 


1.008 


1.006 


1.005 


1.003 


10 


1.023 


1.026 


1.028 


1.030 


1.031 


15 


1.040 


1.046 


1.051 


1.056 


1.060 


20 


1.057 


1.066 


1.075 


1.084 


1.092 


25 


1.075 


1.089 


1.102 


1.114 


1.126 


30 


1.096 


1.113 


1.130 


1.147 


1.163 


35 


1.118 


1.140 


1.164 


1.183 


1.204 


40 


1.144 


1.172 


1.199 


1.226 


1.253 


45 


1.174 


1.208 


1.242 


1.276 


1.309 



TABLE V. 



e 


a = 6«» 


a = 6* 


a = 7«» 


a = 8* 


a = 90 




iE) 


(&') 




iE) 


{E) 


iE) 

















5 


0.015 


0.018 


0.021 


0.024 


0.027 


10 


0.031 


0.037 


0.043 


0.049 


0.055 


15 


0.046 


0.055 


0.065 


0.074 


0.083 


20 


0.061 


0.074 


0.086 


0.099 


0.112 


25 


0.076 


0.092 


0.108 


0.124 


0.140 


30 


0.091 


0.110 


0.130 


0.149 


0.169 


35 


0.106 


0.128 


0.151 


0.174 


0.197 


40 


0.120 


0.145 


0.172 


0.198 


0.225 


45 


0.134 


0.162 


0.192 


0.222 


0.253 



TABLES. 
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TABLE HI— Continued. 



• 


a=10» 


a =110 


a=12» 


a=18«» 


a=14«» 




(B) 


(B) 


(.By 


(B) 


(B) 





1.015 


1.019 


1.022 


1.026 


1.031 


6 


1.031 


1.037 


1.041 


1.047 


1.053 


10 


1.046 


1.055 


1.061 


1.068 


1.076 


15 


1.063 


1.073 


1.081 


1.090 


1.100 


20 


1.081 


1.092 


1.103 


1.112 


1.12.5 


25 


1.099 


1.112 


1.124 


1.136 


1.150 


30 


1.119 


1.135 


1.151 


1.163 


1.179 


35 


1.141 


1.159 


M75 


1.195 


1.211 


40 


1.166 


1.186 


1.205 


1.225 


1.245 


45 


1.195 


1.218 


1.240 


1.263 


1.288 




(CO 


(O 


(C) 


(C) 




0.030 


0.036 


0.043 


0.051 


0.0;!9 



TABLE lY—Cmtinued, 



• 


a= 10° 


a= II* 


a= \2? 


a= 13» 


a=14«» 




iD) 


(D) 


CO) 

0.957 


(O) 


(O) 





0.970 


0.964 


0.950 


0.942 


5 


1.000 


0.997 


0.993 


0.988 


0.983 


10 


1.031 


1.031 


1.030 


1.028 


1.026 


15 


1.064 


1.067 


1.069 


1.061 


1.072 


20 


1.099 


1.105 


1.110 


1.116 


1.121 


25 


1.136 


1.147 


1.156 


1.165 


1.173 


80 


1.178 


1.194 


1.204 


1.220 


1.232 


85 


1.224 


1.244 


1.262 


1.281 


1.300 


40 


1.291 


1.304 


1.828 


1.353 


1.377 


45 


1.842 


1.375 


1.407 


1.438 


1.469 



TABLE Y— Continued. 



• 


a= 10° 


a= IP 


a = 12° 


a = 13° 


a=l4'> 




iE) 


(a;) 


CE) 


(£) 


(£?) 




















5 


0.030 


0.032 


0.036 


0.039 


0.042 


10 


0061 


0.067 


0.073 


0.079 


0.085 


15 


0.093 


0.102 


O.lll 


0.119 


0.130 


20 


0.124 


0.137 


0.150 


0.1G3 


0.175 


25 


0.156 


o.i;3 


0.189 


0.205 


0.221 


30 


0.188 


0.208 


0.216 


0.248 


0.269 


85 


0.220 


0.244 


268 


0.292 


0.316 


40 


0.252 


0.280 


0.308 


0.336 


0.365 


45 


0.284 


0.316 


0.349 


0.382 


0.415 
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TABLES. 



TABLE lll-'GonUnued. 



c 


a = 150 


a= 16° 


a= 17° 


a= 18° 


a = ao° 




(B) 


(m 


(B) 


(^) 





1.U35 


1.040 


1.048 


1.051 


1.062 


5 


1.059 


1.066 


1.076 


1.081 


1.098 


10 


1.084 


1.093 


1.104 


1.112 


1.132 


15 


1.110 


1.120 


1.134 


1.138 


1.168 


20 


1.135 


1.149 


1.165 


1.177 


1.218 


25 


1.165 


1.179 


1.197 


1.211 


1.245 


30 


1.195 


1.212 


1.233 


1.248 


1.288 


35 


1.229 


1.249 


1.272 


1.291 


1.339 


40 


1.268 


1.291 


1.317 


1.340 


1.389 


45 


1.313 


1.338 


1.369 


1.393 

(C) 


1.451 




CO) 


CC) 


(C) 


(0) 




0.067 


0.076 


0086 


0.095 


11? 







TABLE lY— Continued. 




c 


a= 15° 


a= 16° 


o= 17° 


a= 18° 


0=30° 




(/>; 


(D) 


(D) 


CD) 


CD) 





933 


0.924 


0.915 


0.905 


0.883 


5 


0.977 


0.971 


0.964 


957 


0.-940 


10 


1.023 


1.018 


1.016 


1.011 


1.000 


15 


1.072 


1.073 


1.071 


1 069 


1.068 


20 


1.124 


1.127 


1.129 


1.131 


1.132 


25 


1.181 


1.188 


1.194 


1.200 


1.208 


80 


1.244 


1.256 


1.266 


1.276 


1.293 


36 


1.316 


1.332 


1.348 


1.363 


1.390 


40 


1.400 


1.422 


1.444 


1.465 


1.505 


45 


1.500 


1.530 


1.559 


1.588 


1.643 



TABLE Y—Continved, 



c 


a = 1.5° 


a= 16° 


a= 17° 


a= 18° 


a =30° 




CE^ 


CE) 


CE) 


(E) 


CE) 




















5 


0.045 


0.047 


0.0.-)0 


0.053 


0.058 


10 


0.091 


097 


0.102 


0.108 


0.119 


15 


0.139 


0.148 


0.157 


0.165 


0.183 


20 


0.188 


0.200 


0.213 


0.225 


0.249 


25 


0.238 


0.254 


0.270 


0.177 


0.818 


30 


0.289 


0.309 


0.3 >9 


0.349 


0.389 


35 


341 


0.365 


0.390 


0.414 


0.463 


40 


0.394 


0.42:^ 


0.452 


0.481 


0.539 


45 


0.448 


0.482 


0.516 


0.551 


0.620 



Table YI. 



NATURAL SINES, COSINES, TANGENTS 
AND COTANGENTS. 
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NATURAL Sm£8 AKO COSINES, 





0^ 


1^ 1 


3' . I 


a* r 


4- 


60 


Blno Coalii 


Sine 

.aim 


Codn 
.90985 


Bine 
.(1^90 


CoBta 


Bins 


CoBin 


Blno 
.WJ70 


Cosla 
.90756 


.00000 One. 


.99030 


,06234 


.99W3 


1 


.oooc^g 


One. 


.51J74 


.99984 


.D21.M9 


.00938 


.OGsaa 


.90861 


.(mm 


.00754 


59 


2 


.00058 


One, 


.0IS03 


.99984 


,oai^8 


.99937 


,05292 


.90B60 


.07034 


.99752 


58 


8 


.OOOS^ 


One. 


.OiS^ti 


,lt^J'J83 


.oa^v; 


.900?]6 


.o^vte^, 


,90658 


.07003 


.os7r»o 


57 


4 


.(xme 


One. 


.0l8(i;i 


.900H3 


.03006 


,90035 


.O53&0 


.99857 


.orrooa 


.»9748 


56 


5 


.OOHS 


One. 


.01891 


.9Ljy8a 


.03035 


.990.^ 


.O.-jSTS 


.90855 


.07121 


.99746 


56 


6 


.00175 


One. 


.019"^ 


.99<JSa 


.03004 


.mwi^ 


.05408 


,9y8;>4 


.07100 


.90714 


54 


7 


.0IM)4 


One, 


MMJ 


.09981 


.03003 


.90032 


.05137 


,908dc2 


.07179 


.09742 


68 


8 


.00233 


One. 


.01 97a 


.9*^9^ 


Mi',l£A 


.91»931 


.95400 


,90851 


.07^^*8 


,90740 


62 


9 


.01MG3 


One. 


.0SQO7 


.99080 


.m752 


.OOO^JO 


.0M95 


,90840 


1 .o?^3r 


.9<JV^ 


51 


10 


,Qom 


Ojie. 


.O303S 


.99979 


,.03781 


,999^ 


.05524 


.90647. 


,,07366 


.09736 


50 


11 


.00380 


.09999 


,03005 


,99979 


,03810 


.99097 


.0655a 


.99S46 


1.072^ 


.99734 


49 


12 


.(•oaia 


.99009 


.fmM 


.99078 


.038^9 


.999^ 


.05583 


,99844 


.07:^^4 


.90731 


48 


18 


.0«iT8 


.99009 


,03123 


,99977 


.0380a 


.90025 


.OSCll 


.998^ 


.07353 


.90?39 


47 


14 


.OtMOT 


.^J'M^ 


' .0^1 5iJ 


.9l)a77 


.03807 


.99ffiJ4 


,05040 


.99841 


.07^ 


,90727 


46 


15 


.ocmi} 


.^Ki'Jj^ 


,0Q181 


,9jyvti 


.u:iy2U 


.OOftJa 


,05009 


.90U39 


.07411 


.99?^ 


45 


16 


.OaitJo 


.{fMS 


.0^211 


.9007a 


.030ij5 


.09022 


.05003 


,9^^38 


,07446 


.oovia 


44 


17 


.004S5 


,9*^099 


.0^240 


.909^1 6 


,03964 


.99931 


,05^7 


.90830 


,07400 


.90?^! 


48 


18 


.OOfitiM 


.99999 


,02309 


.9U9M 


.oioia 


.99019 


.0575fl 


,90834 


.07498 


.9P719 


42 


19 


.0055S 


.99958 


,0'">^»nfl 


.90074 


.04MSi 


.99018 


.057S5 


,99833 


,07537 


.09716 


41 


20 


.00583 


jaoofl 


,fti3y7 


.9097a 


.04971 


,99917 


,05814 


.90831 


.07550 


.00714 


40 


21 


.OOfill 


.omi« 


.03350 


.ooo^n; 


.01100 


,90010 


1. 05844 


.9oae9 


.07585 


,99712 


89 


22 


.o<.k;w] 


.99ys8 


,02^185 


.90ori 


.OiisK) 


.999ID 


1 .a-jf^T.i 


.991^7 


.07014 


.09710 


88 


23 


.wKwa 


,99^ 


.024H 


.9fl^*)71 


,04159 


.9JQ13 


, .(n:.oo3 


.ooeati 


.0764.3 


.09/08 


87 


24 


.000^ 


ngage 


.Q^ii^ 


.990'iO .01181? 


,90912 


1 ,tl5031 


.99824 


.0767:^ 


.99705 


86 


25 


.00f?J7 


[99997 


,034?^ 


,99009 


.04217 


.90011 


,015900 


.908^ 


,07701 


.99i03 


85 


26 


.(xr^^ 


.iwoy/ 


.maoi 


,90900 


.04:^6 


,99910 


,05080 


,008^1 


.07730 


.90701 


84 


27 


.1)0785 


,9»097 


,02530 


.999G8 


!.04iJ75 


.mdo& 


.00018 


,99819 


.07759 


.99099 


83 


28 


.nofti4 


.99997 


.oa-^ifio 


.90907 


.04304 


.99007 


.015047 


.90817 


.U'/.'«8 


.90606 


82 


29 


.<m-H 


.ooaoG 


.<yi5eo 


,90966 


.04333 


.99000 


,00070 


.90815 


.07817 


.99604 


81 


80 


.00!*T3 


.99996 


*03tll8 


.99066 


.04303 


.99005 


,00105 


.90813 


.C7&40 


.09092 


80 


81 


.tKK)0-2 


.99906 


.038^7 


.990€5 


.04391 


.90904 


.00334 


.99813 


.0:S75 


.90699 


29 


82 


.{)0G3J 


.OU-JOfl 


.0207(1 


.99004 


.0443) 


.99902 


-001C3 


,90810 


.07904 


.00037 


28 


83 


.{■.ii:mh;<) 


.99S:5 


.0^05 


.90003 


.04449 


.90001 


Mlii^ 


.B960S 


.07933 


.90085 


27 


84 


.1X>1K^J 


.J^.J^S, 


.02731 


.99003 


.0447S 


,99900 


,00221 


.90800 


.079G3 


.09088 


86 


85 


.OUl[S\'.>lKirs 


.027r>3 


.99902 


.04507 


.90806 


,00350 
.00279 


,90804 


.07901 


.99080 


25 


86 


.Ci]i>l7 .*Mfl^ 


.0^^792 


.99901 


.04530 


,99807 


.99803 


,09090 


.90078 


24 


87 


.m\yT6 \miU 


.02H2t 


.90900 


.04505 


,99806 


.00308 


.99801 


.08040 


,99076 


23 


38 


.OUa5'.90OEJ4 


.(K850 


,90950 


,04594 


,90894 


.06537 


.90709' 


,08078 


.90073 


22 


89 


.011^1 .mm 


,0SK579 


.99950 


.ai6a3 


,99803 


.oc%a 


.99797' 


,08107 


.99071 


21 


40 


.01IG4 a9tJ03 


,0e£>08 


.09958 


1.01653 


.99802 


.O^Kift^ 


.w,m 


,081^6 


.99608 


20 


41 


.oni>3 


.Bflooa 


,OSJ0-38 


.90057 


.04682 


.90890 


.0642^1 


.997^.W 


.06105 


.mm 


19 


42 


.012^ 


.oyo^.^ 


,02907 


.93956 


.04711 


,G'Ji680 


,00453 


,B97.k2 


.08191 


.99064 


18 


48 


.Oli^l 


.WJ^ 


,a>09G 


.90955 


.01740 


,99S8e 


.004^ 


.90?JO 


.08233 


.00061 


17 


44 


.01:^80 


.ms^ 


.030211 


.93954 


.047<J9 


.00SS6 


.06511 


.90788! 


,08252 


.90059 


16 


45 


.01300 


,99901 


.030;^ 


,9*^053 


.Oi798 


.908^ 


,0ti540 


,99786, 


.08331 


.99057 


15 


46 


.oiasa 


.90091 


,03083 


.9095:3 


.04827 


,B0S?3 


.06569 


.997&#, 


.08310 


.09054 


14 


47 


.01307 


,99901 


.03112 


.99952 ^LO^jHTifi 


.9088S3 


.06508 


.997^3' 


,O83a0 


.99ai2 


13 


48 


.013% 


.99990 


.03141 


.fljm'ii '.mm^ 


.90881 


.00627 


.997SO 


.03.WS 


.90049 


12 


49 


.01435J 


.99990 


.03170 


.BJM^'iO 


.04014 


.998.'9 


.00050 


,0!^r^ 


.08397 


.99Ij47 


11 


50 


.011:^4 


.99980 


,oai99 


.99940 


.04913 


.00878 


,0tiUS5 


.99776 


.Q&126 


.9*^614 


10 


51 


.01483 


,99080 


.tm^ 


.9094fl 


.04073 


.99W6 


.00714 


.'J0;V4 


.OSilC 


.90642 


9 


52 


.OI.jW 


.l^-Jl^SO 


,0«2.'>7 


.999-17 1.0.^101 


.99K75 


.06743 


.99772 


.0*^:184 


.990;« 


8 


, 53 


.0154^^ 


.DOfuSii 


.03S>y; 


MmQ .or£>^^ 


.90873 


,00773 


.99770, 


.08513 


.90037 


7 


54 


.CI 571 


.99088 


.0931 


,90915 


,am'iO 


.99^7^ 


.06^:j 


.yy.^' 


,0tS42 


.99035 


6 


56 


.CI 000 .KK>87 


.0334S 


.90041 


^OTjOrta 


.91*170 


.OORSl 


.09706 


,(^71 


.900.32 


6 


56 


.Oia39 ,99^7 


.03371 


.9tte 


.0Sn7 


.0i^)9 


.06860 


.90764 


.oscoo 


,99630 


4 


57 


.01G58 


,99986 


,0&40a 


,99^2 


.05140 


.99807 


,00889 


.907(3:3 


,086^ 


,09&^ 


8 


58 


.036fl7 


.99966 


.03l3t* 


.Oi>9U 


,0517.1 


.9tl8(>fl 


.00918 


,90760 


*oes5e 


.vg&25 


2 


59 


.017B .99085 


.oam 


.wm 


.05^>i)5 


.99804 


.00917 


.99758 


.0868? 


,995:^ 


1 


$2 




.01745, .99*3 


.flS400 
Cosin 


.oo^JCio 


.05234 




.00970 
Cobin 


.09750 


.08716 


.99619 


i 


Co^ti 1 BLca' 


Siue 


Cosin 


BUne 


89- m 


m w^ 1' '^^ fii* - 1 


rTie* 1 


85. "1 



Natural sikbs akd cosmsft. 



IIT 





5* 1 


e- 1 


T- _ II 


^ __»• 1 


©• 1 


* 




Cosln 
799019 


8Id^ 
.10453 


Oosin, 


Bine 


CoRin 


Sine 
713917 


.900(37 


Sine 
7l5&43 


.98769 


.121SH7 


799255 


1 


.(W745 


.9«51T 


J0483 


.904491 


.1^10 


.OO'^l! 


J3iM6 


.99033 


.15672 


Mrm 


69 


£ 


.€(^4 


.996M 


.10,511 


.99440 


.1224,^ 


.9i»2i8 


.ia075 


.99019 


.15701 


.96700 


56 


S 


.08e03 


.99013 


.10&40 


,99443 


.12i!74 


.9iJQ^ 


.14004 


.»015 


.15730 


.98795 


57 


4 

5 


.(»631 
.€6809 


,9USU9 


105(^ 


99410 


1230^ 


99^ 


14033 


.MOll 


.15758 


9B7S1 


56 


JSKfiffl 


.10507 


,99437 


,1S331 


.99337 


.14061 


.09006 


.Ifi?387 


.96746 


55 


6 


.06889 


.99604 


.10626 


,99434 


.12900 


99233 


.14999 


.9000E^ 


.15616 


,08741 


51 


7 


.0^18 


.^amstz 


,10055 


.99431 


.1S389 


.995^ 


<141I0 


.981K)8 


,15845 


.96737 


53 


8 


,0^917 


.99fiS9 


.10S8I 


,90129 


,12418 


.902:20 


.14148 


.96991 


.15373 


.08732 


53 


g 


.06970 


.flosao 


.10713 


.99434 


.15^4.47' 


902i3 


.14177 


.989W 


.15902 


.96728 


51 


30 


.owos 


.99594 


.10742 


.sm^i 


.1S470 


.90^19 ! 


.14!;50G 


.06980 


.15ft^l 


.98733 


50 


11 


.0f»03-i' 


.D0501 


.10771 


.99418 


.12-W4 


.99^tr>l 


.14234 


.9R0e!! i .15950 


.98718 


49 


IS 


,09l'MJ3 


.mm 


.lOBOO 


,9^.H15 


.12533 


.09211 


.14203 


.9B97B 


.15988 


.98714 


48 


13 


.090«K; 


.09580 


.10829 


.90412 


l^OS 


.99908 


.14i^ 


.98973 


.lfi017 


.OSiO-J 


47 


14 


.oom 


.995es! 


.1{H58 


.094091 


.12591 


,90201 


.14320 


.96969 


.IC^MO 


.98:91 


40 


IS 


.00150 


.911^)60: 


.10SS7 


.90H)!l: 


.12029 


.99SC0 


.14319 


.98965 


.16074 


.98700 


45 


16 


.00179 


,09578 


.19916 


.0940J 


.126'19 


.99107 


,ia7& 


.96901 


.lfil03 


.98695 


44 


IT 


.00908 


.9057^ 


,101^45 


.99399 


.i2tr8 


.OOlff^ 


.14407 


.98957 


.16132 


.08690 


43 


IB 


.091237 


.99573 


.10973 


.99390 


.12700 


,0iHR9 


.14436 


,98953 


.16160 


.08680 


42 


19 


.00-360' 


.99370 


.1100^ 


.99^31 


,12735! 


.991 W 


.144B4 


.98018 


.10189 


.08081 


41 


30 


.09Sft5 


.60507 


.iioai 


.99300, 


.12704, 


.90182 


.144:^ 


.98044 


,16218 


.oecTO 


40 


31 


.coe^' 


.90554 


.11060 


.99830^ 


.13793' 


.ooi-;^ 


.14533 


.98940 


.16346 


.98671 


SO 


23 


.093sa 


.99503 


.11039 


,99383 


.12H-.>-3 


.90175 


.14551 


.96^ 


.16275 


.08067 


88 


iS 
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Tans: Cotang 
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.9780S 
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.97416 
.97478 
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.97586 
.97643 
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1.03493 
1.03433 
1.0^ 
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